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1. Let U be a unitary partitioned into 2 x 2 matrix blocks of the same size, and II be the orthogonal
projection to the top-left block:
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(a) For any singular value decomposition Uyy = VOEWJ, prove that there exists unitaries V;
and W; for which
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(b) Explain how to use this fact to analyze the operator sequence
efid)]_(QHf]) U67i¢2(21_[71)UTef’id)g(QHfI) U€7i¢4(21—171) U'i' . (3)

2. Let U be a unitary partitioned into 2 x 2 matrix blocks of the same size, and II be the orthogonal
projection to the top-left block:

Uoo Um] [I ]
U= . II= : 4
[U 10 Un 0 )
Additionally, assume that U = UT is a Hermitian unitary and ||Upol| < 1.

a) For any spectral decomposition Uyg = VOAVT, prove that there exists a unitary V; for
0
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(b) Explain how to use this fact to analyze the operator sequence
e*i(f)l (21_[71) U€7i¢2 (2H71) Uefid)g(anf) Uefi¢)4(21_[7]) U L. (6)
(c) Find the eigenvalues and eigenvectors for
211 — 1, U, (211 — 1)U, U2l - 1). (7)



1. (a) Solution:

e Suppose that the given singular value decomposition Uyg = VE)EWJ is fixed. Con-
struct an arbitrary singular value decomposition Uy = V121W1T for Ujg. By the
unitarity constraint,

I = Ul\Ugo + UlyUro = WoS2 W] + Wi Siw], (8)
which implies

WiS2Ww! = wo(I — 2w, (9)

o Taking (j WJ(-)WO |7) on both sides implies that I — X2 > 0 is diagonal with
nonnegative entries. This means that Wy (1 —EQ)WJ and W Z‘%WIT are both singular
value decompositions (spectral decompositions) of the same matrix.

By permuting entries of ¥2 and redefining W7, we can say that ¥ = I — X2 and
¥ =+VI-X2 (10)

« Without loss of generality, suppose that diagonal entries of I — Y2 are in nonin-
creasing order. Then the “uniqueness” of singular value decomposition guarantees
that

Ry

Wi, =Wy Rj , (11)

Ry

where R; are unitaries. However, we can then commute R;[ through v/I — X2 and
bundle it with V;. Consequently, we have the singular value decomposition

Uro = Vi I — S2W. (12)
e We now verify that Wy = UgIVO\/I -2 - ULVQ) is a unitary. Note that
1% I—X2
Wy = UfVo/T — 2 — Ul,iZ = [Ugl Ujl} [ L Vl] {V Il N CE:)

This implies
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e Finally, we verify that
VoI = 2W{ = Vov/T = 2 (VI = 32V} Upn - =V{{Un1)
= - UooUgo)Um = U00U1T0U11 = Up1,
—vizw] = -3 (VI - 22V{Uy - SV{Un)
= —UsoUlyUor + (I — UsoU}y) Uy = Un;.

(b) Solution:
Omitted.

2. (a) Solution:

e Suppose that the given spectral decomposition Uyy = VOAVOJr is fixed. Proceed
as in the proof of generic CS decomposition, we can construct the singular value

decomposition
Uro = Vi T — A2V, (16)
e The Hermicity assumption implies

Uo1 = VoV T — A2V, (17)
1

Consequently,
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« By the assumption U? = I, off-diagonal blocks of U? are zero, which implies

AVI — A2 + /T — A2V ULV = 0. (19)
o Since ||Upo|| < 1, [|A]| <1 so VI — A? is diagonal and invertible. This means
ViU vi = —A. (20)

(b) Solution:
Omitted.

(c) Solution:
See arXiv:2410.18178, Table 4.


https://arxiv.org/abs/2410.18178

