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Quantum linear system algorithm with optimal queries to
initial state preparation

Guang Hao Low!'? and Yuan Su!

Abstract

The quantum linear system problem provides one of the most enticing sources of exponen-
tial quantum speedups, and its resolution underlies other interesting quantum algorithms for
differential equations and eigenvalue processing. The goal is to produce a state proportional to
the solution A71[b) of a linear system with accuracy e, by querying an oracle O4 that block
encodes the coefficient matrix and an oracle Oy that prepares the initial state.

We present a quantum linear system algorithm with query complexity ® (1 / \/13) to Oy that
is optimal, and query complexity O (xlog (1/p) (loglog (1/p) + log (1/€))) to O4 that is nearly
optimal in all parameters including the condition number x = || AJ||| A=}| and success amplitude
VP = [[A7HD)|/IIA7Y]. In various applications to solving differential equations, preparing
ground states of operators with real spectra, estimating and transforming eigenvalues of non-
normal matrices, we can further improve the dependence on p to nearly match or outperform
best previous results based on other methods. As s can be arbitrarily larger than 1/,/p, our
algorithm contrasts with recent results that have O (klog(1/€)) complexity to both oracles,
which, while optimal in O 4, is highly suboptimal in O,.

We achieve this by a new Variable Time Amplitude Amplification algorithm with Tunable
thresholds (Tunable VTAA), which fully characterizes generic nested amplitude amplifications,
eliminates redundant nestings, and is of independent interest. With an optimized schedule of
thresholds, we prove that the complexity of Tunable VTAA scales with /¢ 2 -quasinorm of the
input costs, improving over the ¢;-norm result of Ambainis and the more common #5-norm
scaling. Specialized to the quantum linear system problem, we construct a discretized inverse
state, for which a deterministic amplification schedule exists. This leads to a substantially
simplified VTAA with an optimal initial state preparation cost, even when the solution norm is
not known a priori.

We also introduce a block preconditioning scheme that can artificially boost ,/p in generic
situations, in contrast to previous negative preconditioning results focusing on reducing . This
further reduces the cost of initial state preparation in linear-system-based differential equation
solvers, ground state preparators and eigenvalue processors. Additionally, block preconditioning
furnishes a particularly simple quantum linear system algorithm with optimal O (fflog (%))
queries to O 4 by using |b) itself as the preconditioner. It also realizes a block-encoded eigenvalue
transformer with O(n) scaling in degree of the target polynomial, compared to the best existing
result of O (n'?).

Most of the work was completed while the first author was affiliated with Microsoft.
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2Google Quantum AlI, Venice, CA 90291, USA
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1 Introduction

1.1 Quantum linear system algorithms

The problem of solving large systems of linear equations provides one of the most enticing sources
of exponential speedups for quantum computers. Since the output of any quantum circuit can be
simulated by inverting an appropriately chosen matrix, the quantum linear system problem is BQP-
complete and captures the full potential of quantum computing—this was proved in the seminal
work by Harrow, Hassidim and Lloyd [25], where the first quantum algorithm for sparse systems of
linear equations was developed. As linear equations are ubiquitous in science, quantum linear sys-
tem algorithms have found broad applications such as computing electromagnetic scattering [45],
estimating electrical resistance of networks [59], solving differential equations [4, 8, 9, 20, 32],
optimization, and more recently, processing eigenvalues of non-normal matrices [39]. While identi-
fying end-to-end scientific applications of quantum linear system solvers with exponential speedups
remains challenging, physically-motivated candidates such as computing Green’s functions of quan-
tum many-body systems [56] may have well-characterized complexities.

Quantum linear system solvers also provide a natural reduction for designing more advanced
quantum algorithms. One class of these algorithms aim to efficiently apply functions f(A) to high-
dimensional matrices accessed by a quantum computer through block encoding oracles. When
the input is Hermitian, the target function can be readily implemented by the so-called Quantum
Singular Value Transformation (QSVT) [22], which since its conception has unified many exist-
ing quantum algorithms and uncovered new ones [41]. The general case where A is non-normal is
relevant for various other applications such as solving differential equations and simulating transcor-
related quantum chemistry, but the problem appears to be considerably more difficult. One prior
approach [20, 54-56] uses the Cauchy integral formula: f(A) = %mfc dz f(2)(z2I — A)~t for C a
contour enclosing all eigenvalues of A. By discretizing the integral, f(A) can be approximated by
a linear combination of matrix inverses. Alternative method employs a rational matrix generating
function to create a history state encoding a polynomial basis in quantum superposition, which
can be post-processed to yield the desired f(A). This technique was initially developed to create
monomial basis for solving differential equations [9], but is more recently extended to handle Faber
polynomials [39] for implementing more general functions over the complex plane. In any event,
these advanced algorithms all rely on quantum linear system solvers as a subroutine and would
directly benefit from any enhancements to the solvers.

With an eye towards these applications, we now take a closer look at the cost of quantum linear
system algorithms. Here, the goal is to produce a state proportional to the solution A~!|b) of a
linear system, using oracular queries to the coefficient matrix A and the initial state |b). The query
complexity of quantum linear system algorithms has gradually improved over a long series of work.
The seminal work of Harrow, Hassidim and Lloyd showed that O (poly (/1, %)) queries suffice to
produce the solution state with accuracy e [25], where

x = Al 47 (1)

is the spectral condition number of the target linear system. The scaling in k was later improved to
almost linear by Ambainis’ Variable Time Amplitude Amplification (VTAA) algorithm [2]. Subse-
quently, the error scaling is improved exponentially to O (polylog (%)) using a linear combination
of quantum walks within VTAA [15]. Recent work achieves a similar scaling in x and € using alter-
native methods based on the adiabatic evolution and eigenstate filtering [5, 35, 53]. This ultimately
culminated in an algorithm with O (nlog (%)) scaling and constant success probability [18]—this
was claimed to be optimal, citing an unpublished lower bound by Harrow and Kothari. Even



more recently, a simpler quantum algorithm with the same O (f@log (%)) scaling was designed by
performing kernel reflection on an augmented linear system [19].

There are two distinct query oracles involved in the quantum linear system problem: the first
one is O 4 which block encodes the matrix A to be inverted, and the second one is Oy, which prepares
the initial state |b) from a standard reference state, chosen to be the computational basis state |0)
without loss of generality. The query complexities cited above are all the worst-case combined cost
where the two oracles O4 and Oy are treated on equal footing. However, the cost to Oy can in fact
be much lower than that to O 4, as we will now argue.

Consider the approach where we first construct a block encoding of 2” = 1” (we have used HAfl H
in place of its upper bound for presentational purpose). This can be achieved using QSVT with
accuracy € by making O (I-i log (1)) queries to Oy4 [22, Corollary 69]. Applying it to the initial

A-1
state then produces the unnormalized state 2H = “17)” with accuracy € and success probability Peec
consuming one query to Oy, where

[ESDls 1 A7
succ — ) 1< S 2
P HA_1H2 Psucc ||A 1’b>|| ( )

This probability can be boosted close to unity with O ( ) rounds of amplitude amplification,

1
V psucc
-1
but the error of solution state is also amplified accordingly. So to achieve an accuracy € in %,
it suffices to query the oracles a number of times scaling like

1 K 1
(0] Cost(0y) + log (
< \/m ( b) v/ Psucc v/ Psucc€

Thus the number of queries to Oy attains a strictly linear scaling with \/ﬁ, surpassing almost all

> Cost (OA)> . (3)

previous results quoted in Table 1 and can be much smaller than x in practice. In fact, this scaling
is already achievable by the algorithm of [25] as is observed in [51]. Note also that the approach
works even without a prior knowledge of pgucc, in which case we simply use the success probability
lower bound ay, .. < Psuce- Of course, this makes O (/12 log (%)) queries to O4 when \/ﬁ
suffering from a quadratic slow down in the worst case. Methods based on the adiabatic theorem

and kernel reflection technique have the scaling

~ K,

0 (itog (1) Cost(0s) + o 1 ) Cost0)). (1)

where the complexity of initial state preparation becomes significantly worse.
To date, the one and only one method offering a close-to-optimal complexity simultaneously to

both Op and O4 is based on VTAA. The state-of-the-art VTAA algorithm makes O ( NS log(,«;))

queries to Oy, under the nontrivial assumption that the probabilities with which the algorithm po-
tentially succeeds at intermediate stages are all estimated to a constant multiplicative accuracy [12].

Without this prior knowledge, the query complexity worsens to O ( \/ﬁ log®(k) log 10g(/—£)>, and

the algorithm becomes considerably more complicated (although this is a one-time cost to pay only
when VTAA is compiled into a quantum circuit).

Suppose one were willing to accept the logarithmic slowdown of VTAA and its substantial setup
cost—would that improve the complexity of initial state preparation for existing quantum differ-
ential equation solvers, eigenvalue estimators and transformers? In solving differential equations,
the norm HA_l H ~ t scales close to linearly with the evolution time ¢, whereas HA‘1]b>H ~/t. So



Year Algorithm Primary innovation Queries to Oy Queries to Oy

2008 [25] + Hfiizzrijﬁﬁﬁimon o \/ﬁ ) 0 <ﬁ)
2012 [2] VTAA (o) (n polylog (f)) (o) ( £ Jog® ( ) )log? (%))
2017 [15] Linear combination of quantum walks O(\/ﬁ log (f)) (0] ( —polylog (§)>
2017 [15] +Ggizfi£ﬁa;‘;lf‘tf%f& O (s polylog (£)) O (spolylog (£))
2018 [53] Randomized abiabatic evolution O (Z1log(k)) O (Zlog(k))
2018 [12] Detailed analysis of VTAA (0] (\/zﬁ log(ﬁ)) O (rlog(r)log? (£))
2019 [5] Continuous time abiabatic evolution O (mpolylog (%)) (0} (/@polylog (f))
2019 [35] Eigenstate filtering (0] (/-clog (f)) (0] (KJ log (%))
2022 [18] Discrete time adiabatic evolution O (klog (1)) O (rklog (1))
2023 [13] QSVT-based GPE + VTAA (0] pim log(ﬁ)) O (rlog(x)log (£))
2024 [19] Kernel reflection 0 (rlog (1)) O (rlog (1))

+ Discretized inverse state

K
2024 This work Tunable VIAA O] | O (wlog (o) log (E2LyED))
R

2024  This work Block preconditioning (0] ( log (%)) (C) (nlog (%))

Table 1: Complexity comparison of the new and previous methods for the quantum linear system problem.
Optimal query complexities are shaded dark gray. The present work achieves for the first time an optimal
query complexity to initial state preparation among innovations shaded light gray with nearly optimal
query complexity to both oracles. The block preconditioning technique further boosts pgucc close to 1
in applications to solving differential equations, preparing ground states of non-Hermitian operators and
eigenvalue processing, and furnishes an extremely simple algorithm with an optimal coefficient block encoding
complexity in the last row.

the dependence on inverse success amplitude scales like ~ /¢, but there exist methods with cost
independent of the evolution time [4, 20]. In estimating eigenvalues of non-normal matrices, the
norm HAfl H ~ % scales linearly with the inverse accuracy, whereas HA*1\6>H ~ ﬁ So the depen-

dence on inverse success amplitude scales like ~ ﬁ, but again there exist methods with complexity

independent of the inverse accuracy [60]. In all cases, one finds oneself in the intermediate regime
where Ao
1 A~

v/ Psucc ||A 1’[9 )i

with a high query complexity of initial state preparation. This becomes problematic when the initial
state itself is created by an expensive quantum subroutine, as could arise in natural applications
to ground state preparation [10], differential equations, and eigenvalue processing.

1k

< k= |lA]|A7Y|, (5)

1.2 Main result

We develop faster quantum linear system algorithms, with a focus on improving the query com-
plexity of initial state preparation. Our main result includes the following.

(i) We develop a quantum linear system algorithm that makes © ( ) queries to Op and

1
V pSllCC
o (H log (ﬁ) <log log (ﬁ) + log (%))) queries to O 4. The strictly linear scaling with
inverse success amplitude holds even when a multiplicative estimate of solution norm HA_1 |b) H
is unavailable, where pgycc is replaced by its lower bound, in contrast to all previous approaches

where finding such an estimate incurs polylogarithmic overhead. The optimal lower bound
to Oy is proven through a reduction to Grover search.
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Figure 1: A diagrammatic illustration of the main result and its applications.

(ii) We show how one can artificially boost pgyce close to 1. We demonstrate that this leads to dif-
ferential equation solvers, ground state preparators and eigenvalue processors with improved
complexities of initial state preparation, matching or outperforming the state of the art.

Result (i) is realized by a substantially simplified VTAA that uses a deterministic amplification
schedule, whose prerequisites are met by a discretized inverse state we design. Result (ii) is based
on a simple block preconditioning technique that amplifies a subspace flagged by the initial ancilla
state.

Additionally, we find that the block preconditioning technique can be more broadly applied
to improve other complexity scalings of quantum linear system solvers. Specifically, by choosing
initial state |b) itself as the preconditioner, we develop a simple quantum linear system algorithm
that makes O (/{ log (%)) queries to both O 4 and Op. Our method appears to be conceptually even
simpler than the recent kernel-reflection approach [19]. We also develop a block-encoded quantum
eigenvalue transformation algorithm with O(n) scaling in degree of the target polynomial, by
applying the preconditioning technique within the block-encoded version of quantum linear system
algorithm, whereas the best previous result was O(n!%). We illustrate our results in Figure 1 and
tabulate them in Table 1 and Table 2 against previous results.

1.3 Tunable variable time amplitude amplification

Our first main technical contribution is the analysis of a generic version of VTAA in Section 3, with
adjustable amplification thresholds that can be tuned/optimized for different input algorithms and
initial states. We name this method Tunable VTAA.

Before discussing Tunable VTAA in detail, let us first review the VTAA framework introduced
by Ambainis [2]. The goal here is to construct a quantum state by applying a sequence of quantum
algorithms Aj,..., A, on a starting state [¢)p) incrementally, where the desired state resides in a
subspace flagged by the flag projection II, = I — II,. If we apply the quantum algorithms naively,
then the state is prepared with probability

Psuce = }'ﬁbAmA1|¢0>“2 (6)



To prepare it with probability close to unity, we perform O ( ) rounds of amplitude amplifi-

1
V psucc
cation, leading to a total cost of

(0) Cost (|10))

Z Cost (4;) | . (7)
psucc psucc

This is a worst-case scenario as all input algorithms Aq,..., A,, are treated on equal footing
and get invoked the same number of times in the final stage. VTAA avoids this worst-case cost by
performing amplitude amplification at intermediate stages. Formally, we have m+1 orthogonal pro-
jections II; (j = 0,...,m), all commuting with II, and partially ordered according to their positive
semidefinitess as 0 = Iy < II; < --. <1I,, = I. These clock projections are used to represent that
quantum algorithms can terminate early at or before intermediate stages, i.e., we have A;II;_; =
IT;_q for all j =1,...,m. Then instead of deferring the amplification to the very end, we perform
rj rounds of amplitude amplification at stage j toward the potentially good subspace flagged by

TGTL, = 1 =TT, This means A; = (= (1— 24,4 1uo)vol Al l) (1- 2@))” AjA
where AO = I. We call 2r; + 1 the amplification schedules or amplification step numbers.

To ensure that Xm produces the desired state with a sufficiently large probability, one needs
to carefully choose r; to avoid under/over amplification. In the work of [2] and many of its fol-
lowups, the schedule is chosen as follows: set r; to be the smallest nonnegative integer satisfying
(2r;+1) HH I A; A] 1|v0) H > ——=. Then using the state-of-the-art VTAA analysis, this gives an

algorithm with query complex1ty

0 \/%COSHWO succg”H 1Ty Aj1 -+ Ai]dho)|| Cost (4)) | - 8)

Compared to the naive amplification cost Eq. (7), VTAA makes fewer queries to the input algo-
rithms by balancing the summation of cost. Note the above discussion implicitly assumes that

the amplitudes HmAjgj,ﬂwo) H are known a prior. This assumption is only for presentational
purpose: asymptotic scaling of the complexity remains the same if we have a constant multiplica-
tive estimate of the amplitudes instead. Otherwise, we need to perform amplitude estimation to
compute each HmAj/Tj,lWJO)H to a constant multiplicative accuracy, incurring a substantial
overhead—although this only needs to be done once during compilation.

In contrast, our Tunable VTAA uses the following schedule: set r; to be the smallest nonneg-
ative integer satisfying (2r; + 1) HmAjgj—lwwH > %\/073 Here a; are amplification thresholds
satisfying the technical conditions 0 < a; < 1 and > 770, a; = O(1). Obviously, Tunable VTAA
offers more flexibility as a; can now be tuned/optimized for different input algorithms and initial

states, although it may not be immediately apparent how much more powerful it is over previous
results. We prove the following.

(i) Tunable VTAA consists of nested amplitude amplifications with HH]-HbAjgj,lh/}o) H < ﬁ
J
[T TT, A, ¢o) |

=1 G Al = (1). Conversely, any nested ampli-

and constant loss factor []'

H < m and constant loss factor

| = Q(1) is a Tunable VTAA.

tude amplifications with no overshoot HH IL,A; AJ 1|v0)

N e
j=1 (2rj+1) HmAjAj*lle),

8



(ii) Nontrivial amplifications r; > 1 in Tunable VTAA happen only at [ stages 1 < 51 < --- <

s; < m, where
1
[=0{1lo . 9
( g<\/psucc>> ( )

Under the convention $;11 =m + 1 and A,,+1 = I, Tunable VTAA has query complexity

I+1
1 1 1 .
° (mCOSt(Asl o Ado)) + = ; ooy Moo Ty - i o] Gost (4, '“AS”‘M)) ’
(10)

(iii) Pre-merging trivial stages and using thresholds

wno

OJSU71 XX (HHS'Ufll_[bAS'ufl e Al‘lb())H COSt (Asv e A5U71+1)) y (11)

Tunable VTAA attains the £2 -quasinorm scaling
3

1
0) Cost(A;, --- A +
(\/ psucc ( 1|/l/)0>) V psucc

v=2

I+1 ) 3
(Z (||Hsv,1HbAsU,1 . -A1|7/)0>|| Cost (AS,U . -Asz,1+1))3> ) .

Let us interpret this result. Property (i) shows that Tunable VTAA is universal, in the sense
that it captures the full power of a generic nested amplitude amplification algorithm. Stated
differently, to improve the complexity of a nested amplification, it suffices to optimize over the
threshold values. Such an exhaustive optimization can be computationally demanding, but one
may find suboptimal thresholds that have analytic forms. In any event, it is this universality that
motivates us to examine Tunable VTAA in greater detail. Property (ii) demonstrates that the

number of nontrivial amplification stages is at most logarithmic in the inverse success amplitude.

1
v/ Psucc
and VTAA can be significantly simplified. Our query complexity then follows from a tightened

analysis of VTAA with a 1/m factor improvement, taking into account the fact that trivial stages
can be pre-merged. To compile this into a quantum algorithm, one would naively estimate all

Thus in the regime where log ( ) < m, majority of the input algorithms can be pre-merged

HH]-HbAjgj_llwo)H using amplitude estimation and compare with threshold values to determine

the schedule, but this is not really necessary if the amplification thresholds are chosen analytically,

as we will show for the quantum linear system problem. Property (iii) follows by minimizing the cost

of Tunable VTAA under the constraints 0 < o, , <1 and 22212 as, , = O(1). This £2-quasinorm
3

scaling is lower than the ¢1- or fo-norm result from previous work as

I+1 3
<Z (HmAsv_l te A1‘1/10>H Cost (ASu to Asu—1+1)) )
= (13)

I+1
< VY |, A, -+ Arftho) || Cost (Ag, -+ A1) -
v=2

W

Again, to achieve this “ultimate performance” of VTAA with a quantum algorithm, one needs to
estimate all potentially good probabilities Hﬂj_ll_IbAj_l <o Aqlbo) H with logarithmic overhead, so
this is more advantageous in cases where the algorithm may be repeatedly invoked after compilation.



1.4 Discretized inverse state

For the quantum linear system problem, our goal is to produce a normalized version of the solution
A~1b). Here, the coefficient matrix is block encoded as A/a 4 with normalization factor aq > || 4],
and a norm upper bound on its inverse ay -1 > HA*IH is known a prior. By considering the
Hermitian dilation [0)1| ® A + [1)}0| ® AT, we may without loss of generality assume that A itself
is Hermitian and has the spectral decomposition A = > Au[¢u)(¢u|, Where - 171 < Al < aa.
Meanwhile, the initial state can be expanded in the eigenbasis as [b) = >, Yul¢u), so a direct
application of QSVT produces an unnormalized state close to

AT 1 |A=tp)|| 1
200 = Zu: e, Tuldu): =

ap-1 ap-1

= +/DPsucc- (14)

In prior art [15], the solution is prepared by enlarging the Hilbert space and constructing an
intermediate state of the form

m—1
1
Yiny = Z Z PYESW (Cht1,ulk) + Crulk — 1)) YulPu),
k=0 | A 11 u
oy €[2k+1’2k)
o . (15)
1 ¥
||1/}ian = Z Z <|§k+l,u‘2 + |<k:,u‘2) = = \/ Psucc,inv-

XAt k=0 | x 1 1 )\u

|22 |e [z 3F)

Here, the ancilla register can be thought of as a “clock register” holding m = Ceil (logy (vacy-1)) =
O(log(k)) values, and |Cer1l® + [Goul® < 1 are close to being normalized for all u, implying
Psucc,inv = O (Psucc). This intermediate state can in turn be created using VTAA with a constant
success probability. Specifically, one chooses the clock projections to be II; = Ei;é |k)E| for
j=1,...,m, satisfying 0 < II; <Tly < -.- <II,, = I. Within the VTAA stage k, one performs a
procedure called Gapped Phase Estimation (GPE) to approximately check whether the eigenvalues
are in )2—?‘ € [2%, 1) with a certain confidence level, inverting the matrix if the condition is satisfied
and terminating the current branch of computation afterwards. Finally, the clock register can be
uncomputed by running GPE in reverse (without VTAA), resulting in the desired A~1[b).

Our second main technical contribution, to be detailed in Section 4, is the replacement of above
state by the discretized inverse state

m—1 pk+1 pk
b= Y (Gl Gk~ 1) ),

k=0 | x [ 1 1
‘ﬁ‘e pk*’l’pT)

(16)
m—1 pkt1]? k|2 )
||¢d—inv|| = Z Z Ck‘—i—l,uT + Ck;,uim |’Yu’ = 4/Psucc,d-inv
k=0 | x 1 1 P P
|2fe k)

p p

where p is an odd integer which can be chosen as p = 3 without loss of generality and m =
Ceil (log; (g s-1)) = O(log(k)). Note that we have switched from a base-2 partition of the
eigenvalues to an odd-number base partition. This change plays the central role in achieving the
optimal initial state preparation cost while substantially simplifying the structure of VTAA. We
will return to this point momentarily. The second change is we replace the eigenvalue inversion

10



)\i by the discrete values 3;% and g—i, which can be introduced using only controlled single-

qubit rotations. This modification frees the expensive matrix inversion from any nested amplitude
amplifications, further simplifying the algorithm. Otherwise, we still perform GPE in each stage

k with cost O (3’“ log (ﬁ) . Since the eigenvalues are discretized with constant multiplicative
accuracy, we have Psucc,d-inv = ®(psucc)-
We now explain how to achieve optimal initial state preparation cost with a simple VTAA sched-

ule. We first recall from Property (ii) that nontrivial amplifications happen only at O <log ( @))

stages of VTAA, and majority of the algorithms can be pre-merged. In our case, the complex-
ity 3% increases exponentially in k, so intuitively one should pre-merge the initial stages with
lower cost. We rigorize this idea by showing that the asymptotic complexity of VTAA remains

unaffected after pre-merging the first m — [ stages, as long as [ = 2 (log3 ( \/ﬁ)) For the

quantum linear system problem, the ¢2-quasinorm from Property (iii) can be difficult to evaluate
directly, so we relax it to the Bg—norms, which is attained by setting the amplification thresholds
ap o< 9F HmAk . --A1|¢0>H2. These values sum up to Z?:m—l+1 9k HmAk ‘e A1|1/)0>H2 =
Ok || T TT, A A1 [th0) ||

9mpsucc

O (9™ pguce ), so we should choose a, = © to fulfill the requirement ), aj =

O(1). With the f3-norm cost, the Tunable VTAA makes O <l3m log (ﬁ)) queries to the block
encoding oracle Q4. This cost can be minimized by reducing [, but recall that we need [ sufficiently

>) This implies psucc = © (97)

large due to pre-merging, so we should choose [ = ©® (log3 (\/ﬁ

and hence the thresholds

{@@Mmekawm%wﬂ,k:m_u4wwm
A —

(17)
0, k=1,....m—1.

Property (i) provides the theoretical guarantee that the above Tunable VTAA can be translated
into a nested amplitude amplification. To realize this, one would naively perform amplitude estima-
tion to determine all thresholds «y to a constant multiplicative accuracy, which introduces polylog-
arithmic overhead and ruins the optimal scaling of initial state preparation. But this is unnecessary
overkill. Suppose we have adjusted the constant factor so that ay, = ¢29%~m+! HHkHbAk -+ A1) H2
for some ¢ Z 1 (say ¢ = 1.001). Then at the first nontrivial stage ¥ = m — [+ 1, we would compare
HHmfl+1HbAmfl+l cee A1\¢0>H with % Om—J+1 = C HHmfl+1HbAmfl+1 ce A1‘¢0>H We find that
our current amplitude falls just short of the threshold, concluding that we need 27,41 +1 =3
steps of amplitude amplification. After this stage, we have amplified the amplitude by 3 up to a loss

factor. At the next stage k = m — [ + 2, our current amplitude HHm_HQHbAm_HQ/Tm_lH\wg)H =
3 |2 Iy A2 - - - Arftbo) || s slightly below 3./ —i52 = ¢3||Mp—ig2llpAm—i42 - - - A1ltho)]|,
so we conclude once more we need 2r,,_;+2 + 1 = 3 steps of amplitude amplification, which boosts
the amplitude again by 3 up to a loss factor. Proceeding in this way, we obtain the following simple
amplification schedule

1, k=1,...,m—1.

Note again that this deterministic schedule is derived entirely from the definition of Tunable VTAA,
and the derivation requires no amplitude estimation. The amplification schedule Eq. (18) is remi-
niscent of another one used in the recent study of quantum search [3] (see also [14, 27, 46]). This is
not a coincidence. For the quantum search algorithm of [3], the target cost function is the ¢3-norm
of input cost, which grows exponentially in the stage number like ~ 3*. Following an analysis

3 ke—m—1+1,...
2m+1:{’ mottd.m, (18)
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similar to above, one can show that Tunable VTAA reproduces the search algorithm developed
in [3].

With the deterministic schedule, the GPE algorithm is invoked at most m3' times. To achieve
accuracy €, we choose €gpe = giving a VTAA algorithm with complexity O( N/ (Op)

+ klog ( \/7> log ( log(r ) Cost(04) ,4 . By using a more complicated error schedule in the first

3l>

— | stages and prOJectlng error onto the potentially good subspaces, we further improve this
result to

O
€

log [ —
Cost(Ob)+mlog< )log M Cost(04) | . (19)

1 1
V psucc V psucc

This achieves an optimal cost of initial state preparation with a substantially simplified VTAA
schedule Eq. (18). We summarize this algorithm in Theorem 2 of Section 5 and prove the optimality
in Theorem 3.

Note that our above discussion assumes that we have a constant multiplicative approxima-
tion of \/Psucc, or equivalently, the solution norm HAfl\b>H. If this information is not available,
then we develop a solution norm estimation algorithm in Theorem 1 that estimates HA_1|b>H
to a constant multiplicative accuracy, by running VTAA with [ = 0,1,2,... that terminates at

Il =0 <10g3 <\/ﬁ)) with high probability. This costs O ( \/%17
preparation oracle with «,, . a lower bound on the success probability, again achieving the strictly
linear scaling.

> queries to the initial state

1.5 Block preconditioning

As aforementioned, when applying the quantum linear system solvers, we are often in the interme-
1 o1

. . T a, _ ) .
diate regime where 1 < T = AT <K k = agay -1. Thus, the cost of querying Op can be

quite significant even with our optimal scaling algorithm. We now describe the third main contri-
bution, a simple block preconditioning technique, that artifically boosts the amplitude of solution
norm HAil |b) H and thereby reduces the complexity of initial state preparation. In fact, for solving
differential equations and processing eigenvalues, the initial state query cost can even be reduced
close to constant (in the evolution time and degree of the input polynomial). See Section 6 for
further details.

Our block preconditioning technique targets at a subspace containing the initial state. Specifi-
cally, suppose that there is an orthogonal projection Il ,,q whose image includes the initial state

Meonalb) = 1b). (20)

Then we introduce the scaling operator

1
S = SHcond + (I - 1_[cond) ; Sil = chond + (I - 1_[cond) ; (21)

where 0 < s < 1 is a scaling parameter that can be tuned for specific applications. Assuming
ITeong is accessible through an oracle reflecting along the image space —Ileong + (I — Heond) =
I — 2Il.ong, we can block encode S with normalization factor 1 through the linear combination
S = % (I — 2Iconq) + %I . This assumption is justified because in all our applications, we
can efficiently implement unitaries V.,,q such that Vc];nd( — 2ll¢ond) Veona are reflections in the
computational basis. Note it is also possible to make a weaker assumption that a block encoding
of Il.onq is available, although this will increase the prefactor in the complexity of our algorithm.

12



Application Improvement Preconditioner Previous scaling New scaling

Linear system solver . " 1 1
Theorem 4 Input matrix  Initial state ?7':“& log (TE() rlog (1)
Differential equation solver Initial stat Ancilla stat 1 ( 1 )l (1) 1
Theorem 5 at state cillastate iy 1og ey ) log (¢ Te Ao
1genvatue (‘%tlI.Ha‘(OI Initial state Ancilla state £s KS
Theorem 6 ¢
Ei alue transfa - .
1genv;}ue rdn&% ormer Initial state Ancilla state - nlog(n) A s logn)
1eorem \1/) H ‘ —A H (GA)W))
Ground state preparator . . K% o2
Theorem 8 Initial state  Ancilla state Trolsa 1o (‘,YO‘J m| log <5A log (ho\f))

Block-encoded

eigenvalue transformer Input matrix  Ancilla state log ( > log (%) log ( > log ( )
Theorem 9 H H BT H (QA)H R

Table 2: Summary of applications of the block preconditioning technique. Using the initial ancilla state as
the preconditioner, one can reduce the cost of initial state preparation in linear-system-based differential
equation solvers, ground state preparators and eigenvalue processors, nearly matching or outperforming the
state of the art. By choosing the initial state itself as the preconditioner and applying QSVT, one gets
an extremely simple quantum linear system solver with optimal queries to the coefficient matrix. See the
corresponding theorem statements for definitions of the parameters.

Now instead of Ax = b, we consider the preconditioned linear system SAx = Sb, which yields

the original solution ”ES g igZH = IIf\:iizill when solved exactly. Here, the preconditioned coefficient

matrix can be block encoded as (SA)/a4 with the same normalization as before, and the initial
state W = |b) also remains the same. However, the solution norm now becomes

sy o)) = |a~ s~ | = - 4~ 8] (22)

HA_lﬂconde 1 2 ||A_1Hcond”2 -1
\/32+ A= (I = Teona)||” < WJJ A~

whereas the inverse matrix has a norm bounded by

1
1(SA) | = A8 = 1 M+ A (]~ Toona)

So the condition number stays the same as long as s = Q (W), but the solution norm
will be artificially boosted by a factor of % thanks to block preconditioning.

Preconditioning is a classical subject in numerical linear algebra, the goal of which is to trans-
form linear system problems to improve their algorithmic solvability. Among the various precondi-
tioning methods, the one closest to our work is the so-called matrix scaling (also known as matrix
balancing or matrix equilibration); see the review article [28] and the references therein. Using that
language, our result can be interpreted as follows. When partitioned with respect to the orthogonal
decomposition Im (o) @ Im (I — Tleonq), operators A~! and S—! take the form

0

1
S_l — g I|Im(Hcond)
I|Im(I_Hcond)

A_l = [A_l‘lm(ncond) A_1|Im(I_Hcond)i| 9 O (24)

Here, the block A~ ) is of most interest to us, because it completely determines the action

'
Im(Ileona
of A~ on a subspace containing the initial state |b). The issue is that H A~

| <[4~ can

' } Im(Hcond)
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often happen in practice, so we are inverting a coefficient matrix with a large condition number,
while the initial state actually resides in a subspace with a relatively small condition number.

1‘Im(nmd) ~ [|AH|
without significantly increasing the overall condition number, leading to faster quantum linear
system solvers; hence the name block preconditioning. It is worth mentioning that preconditioning
has also been explored in previous quantum work such as [16, 49, 56], although their focus is on
constructing preconditioners for linear systems with specific structures, as opposed to the generic
linear system problem considered here.

As an immediate application, let us consider what if we choose the initial state itself as the
preconditioner Il.o,q = [b)(b|. Then, the coefficient matrix

SA = (s|b)b] + (I — [b)D])) A (25)

To remedy this issue, we use the scaling matrix to boost the block % ’A*

can be block encoded with normalization factor a4, using 1 query to O4 and 2 queries to O and
its inverse. Given a constant multiplicative approximation of HA‘1|b> H, we set

ap-1

1
s=@<”‘4'b>”> — 0 (Vo). (26)

This implies the scaling of solution norm

1
IS )| = [[A7HB)]| = © (@), (27)
and norm bound on the inverse coefficient matrix
A-1b)2
l(s4)71]| < MJrlHAlH —0(a). (28)

Therefore, by applying QSVT to the preconditioned problem, we obtain an extremely simple quan-
tum linear system algorithm with complexity

) <,«u log <1) Cost(0y) + #log C) Cost(OA)> . (29)

The result appears to be conceptually even simpler than the recent kernel-reflection method, which
instead solves a padded linear system over an expanded Hilbert space [19]. Of course, one needs to
estimate the solution norm to a constant multiplicative accuracy before running either approach.
This can be achieved using either the method of [19] which makes optimal queries to the coefficient
matrix, or our Tunable VTAA which makes optimal queries to the initial state preparation and
nearly optimal uses of the coefficient matrix.

Observe that the preconditioned coefficient matrix SA can be block encoded with no query
overhead, if we choose the initial ancilla state as the preconditioner. We utilize this observation to
reduce the cost of initial state preparation in differential equation solvers, ground state preparators
and eigenvalue processors, nearly matching or outperforming the state of the art. This refutes the
widely held beliefs that linear-system-based differential equation solvers and eigenvalue estimators
necessarily require more queries to the initial state oracles than their alternatives [4, 20, 60]. Of
independent interest, we also get a block-encoded eigenvalue transformation algorithm with O(n)
scaling in degree of the target polynomial, whereas the best previous result was O(n!-%). See Table 2
for a summary of applications of the block preconditioning technique.

We summarize in Section 2 preliminaries required to understand our algorithms, and include
in Section 7 a brief recap of the main result and a collection of questions for future work.

14



2 Preliminaries

This section contains preliminaries useful for understanding our quantum linear system algorithms
and their applications. We provide common notation and terminology in Section 2.1 to be used
throughout the paper. We then review known results on VTAA in Section 2.2. Unlike prior work,
we introduce an axiomatic formulation of VTAA which is not bonded by any concrete circuit
implementation and offers more flexibility. We refer the reader to [39, Section 2.4] for further
preliminaries about the block encoding framework, within which our algorithms are developed.

2.1 Notation and terminology

We use lowercase Latin and Greek alphabets to denote scalars, vectors and functions. For instance,
we often use € for the accuracy of algorithm, x for a known upper bound on the condition number,
Dsuce for success probability of the input algorithm of VTAA or the probability of directly inverting
the input matrix with block encoding, m for the number of VTAA stages, and r for the number
of amplification steps/schedules. We also represent known upper/lower bounds of quantities or
amplification threshold values using a, writing a4 > ||A|| for a known upper bound on the spectral
norm of input matrix A for block encoding, cvg-1 > HA‘I H for a known upper bound on the norm
of A7! with K = aga-1, Opoce < Dsuce @ known lower bound on the success probability, and
a; amplification thresholds associated with a Tunable VTAA. We employ standard notations for
number sets, using Z for integers (Z>o for nonnegative integers), R for real numbers, and C for
complex numbers.

We user uppercase Latin and Greek alphabets to represent matrices and operators. For example,
we write A for the coefficient matrix of a linear system, O4 for its block encoding unitary, Op for
the unitary preparing the initial state, A; (j = 1,...,m) for the input algorithms of VTAA, II
for an orthogonal projection (IT = I — II for its complement), S for the scaling operator used for
preconditioning, and I, X,Y,Z for the identity and Pauli matrices. We use ||A|| to denote the
spectral norm of A, i.e., its largest singular value. For a matrix A and scalar ay > 0, we say A/az
can be block encoded if there exists an isometry GG and unitary U such that ai = G'UG. Such
a block encoding is mathematically feasible if and only if a4 > ||A||, but additional normalization
factors may be introduced when the block encoding is implemented by a quantum circuit.

We use boldface symbols to denote functions and operations having specific meanings. We write
Cost(-) for the (query) cost of implementing an operator, Ceil(-)/Floor(-) for the nearest integer
rounded up/down, Ker(-)/Im(-) for the kernel /image of a linear operator, P(-) for the probability
of an event, and T (-)/U;(-) for Chebyshev polynomials of the first /second kind (writing its rescaled
version as ’i‘]() with Ty = 1). If I1 is an orthogonal projection, Im(II) & Im(II) is an orthogonal
decomposition of the underlying space and we may use it to bound the spectral norm of an operator
as

Al = \/IAAT| < \JIATLAT| + [|ATLAT| = /| AT1)P + || AT (30)

We write O(+) to mean asymptotically less than, €2(-) to mean asymptotically more than, and ©(-)
to represent quantities having the same asymptotic scaling. We let a summation be zero and a
product by one if their lower limits exceed upper limits.

In analyzing the performance of Tunable VTAA, we will need to evaluate

P

18I, =D 187] . pe(0,+c] (31)
j=1
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for vectors [B1 -+ Bn] € C*. When 1 < p < oo, |[|, is the £,-norm and its properties are
summarized in standard references such as [26, Chapter 5]. In particular, the case p = 2 corresponds
to the Euclidean norm and we may drop the subscript since it is the same as spectral norm when
we equate vectors with column matrices. However if 0 < p < 1, ||-[|, is no longer a vector norm
and its properties may be less familiar. In this case, ||-||, is known as a quasinorm [17, 44], which
satisfies the following defining properties.

(1) 18], = 0 for all B € C", with ||3]|,, = 0 if and only if 8 = 0.
(ii) [leBll, = Il ||B][, for all # € C" and c € C.

1_
(ii) 18+, <227 (I8l + 171,) for all 8, € C™.

1
The factor 27 ' in Property (iii) is the best one can get for a modified triangle inequality ||5 + ’y||p <

c (HﬂHp + H'pr> with some universal constant ¢ > 0 for all 3, € C". In fact, if 8 and ~ are entry-

wise nonnegative, it holds the reverse Minkowski’s inequality ||5 + /| pZ 18]l pt iedl - Additionally,
when 0 < p < ¢ < 00,

181l < 1181, < n¥~< |18, (32)

1
and nr 9 is again the best constant one can hope for.
We use the Dirac notation [¢) for a vector only when it is normalized with respect to the

Euclidean norm |||¢)|| = 1. For general nonzero vectors ¢ and ¢, we define
Y ¢
b oc & LA b = cp Je > 0. (33)
[l llell

That is, ¢ is proportional to ¢ if and only if they agree up to a positive rescaling, whereas |¢)
|p) < |1) = |¢) holds for unit vectors. It can be verified that proportionality is reflexive, symmetric,
and transitive. Moreover,

Yx¢ = DByYxBo (34)

for an operator B whenever the composition makes sense.
Finally, we say u > 0 is a c-multiplicative approximation of v > 0 if

ol

<

SHES

<c (35)

for some ¢ > 1. It is apparent that this relation is reflexive, symmetric, and invariant under re-
ciprocal: any u > 0 is a l-multiplicative approximation of itself; if u > 0 is a c-multiplicative
approximation of v > 0, then v is a c-multiplicative approximation of u, and % is a c-multiplicative
approximation of % Moreover, if uy, ug are c1-, co-multiplicative approximations of v, vy respec-
tively, their product ujus is a (c¢1c2)-multiplicative approximation of v;vs. When analyzing VTAA,
we often consider the case where ¢ is constant. But there may also be scenarios where we want

l-e< < i for some small 0 < € < 1. This then leads to a simple product rule:
S G 0 I B P (36)
—€ — —€ — —(e1+ € .
17’[)171—61 27@271—62 ! 27’[)1'1}271—(614-62)
By a possible rescaling of €, we can also consider alternative definitions such as 1%_6 <o <1l+e
and 1 — e < 7 < 1+ ¢, which relate more closely to additive approximations as
1—6§3§1+6 < Ju—v| <wve (37)
v
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2.2 Variable time amplitude amplification

We now formally introduce variable time amplitude amplification, and review known results about
this framework [2, 12], using an axiomatic formulation not bonded by its circuit implementation.
We assume throughout this subsection that an underlying Hilbert space H has been fixed on which
all operators act.

Definition 1 (Variable time algorithm and amplification). A wvariable time quantum algorithm is
a 3-tuple ({Hj}?”‘zo,l'[b, {Aj};‘n:o> satisfying the following axioms.

(i) II; are orthogonal projections partially ordered as 0 =1y <IIy < --- <1l = 1.
(it) Iy, is an orthogonal projection commuting with all IL;: II1; = IL;IL, for j =0,...,m.
(111) Aj are unitaries such that A;1l;_y =11;_4 for allj =1,...,m, and Ay = 1.

A wvariable time amplification algorithm is a 5-tuple ({Hj}gnzo,ﬂb, {45170 {Ej}’j“:(), \wg)) that ad-
ditionally satisfies

) A T A o) TLTA;A;1]do) o 1
() Aj are unitaries such that o] — A o] forallj=1,...,m, and Ag =1I.
The above definition deserves a few remarks. We call II; (j = 0,...,m) the clock projections.

As II; are Hermitian, they can be partially ordered according to the positive semidefinitess, and
Axiom (i) requires that II; < II;;1 hold true for all 5 =0,...,m — 1. In Appendix A.1, we present
a number of equivalent characterizations of the partial ordering II; < II;;q, showing in particular
that II; = II;4411; = II;1I,4;. As an immediate corollary, we have

and I —II; are themselves orthogonal projections. In a variable time quantum algorithm, Im(II;)
represents the part of space in which the algorithm stops running before or at stage j. The
space Im(II;) monotonically increases with k, echoing the fact that more branches of the quantum
algorithm will halt as the computation proceeds toward completion.

We call I, and its complement I, = I —II, the flag projections. In the context of variable time
amplification, Im(II}) is the part of space where the desired output state resides, corresponding to
the success of algorithm. Axiom (ii) requires that II, commutes with all IT;, so these projections may
be simultaneously measured in a quantum computation. In Appendix A.2, we tabulate the meaning
of different outcomes from the simultaneous measurement of {II; —II; 1} and {Ily, I —II;}. Of
particular interest is the outcome corresponding to m, which represents that the computation can
potentially succeed at stage j. These potentially good projections form a monotonically decreasing

sequence
I =TIl > ILIL, > -+ > IL,IT, = I, (39)

and they satisfy

Hkl_[b = Hij . Hkﬂb = HkHb . Hij, 0 < _j < k <m. (40)

We call A; the input algorithms, which act trivially on Im(II;_;) as is required by Axiom (iii). In
Appendix A.3, we present a number of equivalent characterizations of the property A;II;_; =1I,;_1,

finding that A; = II;_; +1I;_1 A;II;_1 are necessarily controlled unitaries controlled by II;_;. This
implies

AjHl =1II;, = HlAj, AjHle = HleAj, 0<li<yj<m. (41)
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As an immediate consequence of this property, we have that the potentially good amplitudes
HHJHbAjAl‘w0>H = HH]HbAmAﬂwO)H, ]:0,,m (42)
form a monotonic sequence decreasing from 1 to \/Dsucc:

1= HHOHbW}0>H > HH1HbA1|7;Z)O> H > 2 HHmeAm T AIWJO>H = Hl_-TbAm te A1|¢0> H = +/DPsucc-
~ (43)
Finally, we call A; the amplified algorithms. At each stage j, we would like the amplification
to preserve the part of state potentially leading to success, while suppressing the part that has
already resulted in failure. This requirement is captured by Axiom (iv), which can be succinctly
represented as II;I1, A |¢o) o< TL;I1,A;A;_1]1)p). We then prove in Appendix A.4 that

Hmflh"'fljﬂgjw&” B HmAh"‘AH—lng@H

HHkHbAk o Aj+1ng0>H HHkHbAk o App Aglibo)

. 0<lj<kh<m.  (44)

That is, the transition of potentially good amplitudes remains the same, regardless of whether we
consider the pre- or post-amplified algorithms.

Until this point, we have not specified the amplification algorithms gj other than the require-
ment that they should preserve the potentially good outcomes. In what follows, we consider the
case where jj are constructed by the standard amplitude amplification toward the potentially good
subspaces jj = (— (I - 2Ajgj,1|w0><wo|g}7114;) (I- 2m)>7~3 Aj;[jil. Here, 7; are nonnega-
tive integers and we call 2r; + 1 amplification schedules or amplification step numbers. The query
complexity of ,Z[j then satisfies the recurrence

Cost (ij|¢0>) = (2r; +1) (Cost(Aj) + Cost (Aj_1|¢0>)) . j=1,...,m. (45

For a given choice of 7, we can unwrap the recursion to obtain a variable time nested amplitude
amplification A,,, which has a query cost of

Cost (Zmyzm) = Cost(|yo)) [ 2rr + 1) + Y Cost(4;) [T (2re + 1) (46)
k=1 j=1 k=j

Formally:

Definition 2 (Variable time nested amplitude amplification). A wvariable time nested amplitude
amplification is a 5-tuple ({Hj}gnzo,ﬂb, {4170 {3y, ]1/10>> that additionally satisfies

(iv' ) rj are nonnegative integers for j =1,...,m, which define

~ { (— (I — 2Ajgj_1|¢0><¢0|g;r~_1x4}> (I - 2m))7’j Aj;(j—ly ] = 17 cee, M, (47)

A=
o j=0.

When (27"]' + 1) HHijAjzz{j,ﬂ’l[)()) H <1, we have (27“j + 1) arcsin <HH]'H17A]'AVJ',1|@Z)0> H) < % and
there is no over amplification/overshoot. Consequently, the pre- and post-amplified amplitudes of
stage j are related by the analytic expression

ng]]w(ﬁH = sin ((2rj + 1) arcsin (Hmzﬁljgj_llwow)) . (48)
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[T o) || =

[T T A -+ Ad g

sin ((2r,, +|1) arcsin(-)) sin ((2rm—1 1)arcsin(-21,—‘/

[”HmflnbAm—l e A1|¢o)||]

[T Ty A - Ay

T Ao ©

[T A, - - As|2ho) || = \/Psucc]

Figure 2: Illustration of the transition of amplitudes in a VTAA /nested amplitude amplification. The flow
of algorithms is represented by arrows, with the input branch colored in red and amplified one in blue.
Assuming there is no over amplification, for any pair of connected nodes, the amplitude from the bottom
node is less than or equal to that from the top node.

Note we have almost amplified the amplitude by 2r; + 1, up to the loss factor

sin <(27“J + 1) arcsin <HH I, A; AJ 1|0) H))

(49)
(2r + 1) [T A5 A5 )|
Carrying out this analysis to all the stages, we have the total loss factor
m [ sin ((2rj + 1) arcsin (HmAjgj_llw(ﬁH))
1l (2r; + 1) |[TGTTA; Ay o) | i

See Figure 2 for an illustration of the amplitude transitions in a nested amplitude amplification.
In Ambainis’ Variable Time Amplitude Amplification (VTAA) [2], the schedules are determined

as follows: we choose r; as the smallest nonnegative integer satisfying (2r;+1) HHijAjAvj_l [10) H >

1
3/m’
show via an induction that there is no over amplification at all stages. On the other hand, we have

_ ~ 2 . . b
Ay ———— h vields T - ( A(En D aren(IAA- w ) )
S @ry1)? |[TGTA; Aj-alo)|| < 1, which yields Hj:1< e .
Q(1). The conclusion is that Ambainis’ VTAA is a nested amplitude amplification with no overshoot

and constant loss factor. Note our above definition of 7; uses the precise value of the amplitude

This choice of r; necessarily means that (2r; 4 1) HHijAjﬁj_lh/JO)H < \/Lm, and one can

“HijAjgj_1|w0) H This is only for presentational purpose. In practice, one would estimate it to
a constant muliplicative precision by running VTAA up to stage j — 1 [12, Theorem 23]. Then one
compares the upper bound with the threshold value to determine the amplification schedule, which
enlarges the loss factor by only a constant amount.

Using the state-of-the-art analysis, VTAA has the query complexity

0] \/\/;COSt (|L/Jo g ”Hj_leAj_l s A1’1ﬂ0>” Cost (Aj) . (51)

p succ SuCC .
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Here, the cost of input algorithms has the ¢;-norm scaling with an additional \/m factor, which
can be relaxed to the fo-norm scaling introducing another y/m factor. This complexity analysis
can be further improved—we present the tightened analysis in Section 3 for Tunable VTAA which
subsumes Ambainis’ scheme as a special case. In any event, the above complexity is achievable
only when all the amplification schedules are pre-determined during compilation. Otherwise, we
need to compile the algorithm by frequently invoking amplitude estimations. This makes VTAA
substantially more complicated, and introduces polylogarithmic factors to the cost of both input
algorithms and the initial state preparation.

3 Tunable variable time amplitude amplification

We now introduce Tunable Variable Time Amplitude Amplification (Tunable VTAA) and analyze
its performance. Specifically, we formally define Tunable VTAA in Section 3.1 and show its equiv-
alence to a generic nested amplitude amplification algorithm reflecting toward the potentially good
subspaces. We then analyze the query complexity of Tunable VTAA in Section 3.2. We present an
optimized amplification schedule in Section 3.3 under which Tunable VTAA has the lowest possible
query cost.

For presentation purpose, we assume that values of all norms in our discussion are known a
prior. We will comment on how this assumption can be relaxed at the end of Section 3.3.

3.1 Definition and universal property
We begin with the formal definition of Tunable VTAA.

Definition 3 (Tunable variable time amplitude amplification). A tunable variable time amplitude
amplification is a 5-tuple ({Hj}’j":O,Hb, {45170 L o, W0>) that additionally satisfies

(V") aj are nonnegative real numbers for j =1,...,m, and ag = 1, which define
-~ 1
T‘j = min {T c ZZO ‘ (27“ + 1) HHJ'HZ,AJ'AJ‘_1’1/J0>H Z 3,/01]'} s j = 1, N1

i {( (I — 2Ajgj,1|¢0><w0|g;_1/1;[> (I — ZHij>)Tj AjAvjfl, j=1....m,
j=
I, 3 =0.

(52)

Compared with the standard VTAA, we have introduced the amplification thresholds «; in
Tunable VTAA. These thresholds determine the amplification schedules and amplified algorithms
via the specified recurrence. That is, the schedule r; is the smallest nonnegative integer satisfying

(2r;+1) "HijAij_1]w0>H > % a;; it has the following closed-form representation

T 1
6 )‘HijAjAjfl|¢0> H

rj = max { Ceil

When it happens HHijAjgj_llz/J@H > % aj, we choose r; = 0. In this case, we have a trivial step

Aj = AjA; 1. Otherwise if 0 < HHijAjﬁj_l\w@H < $./@j, we have a nontrivial amplification

with r; > 1. Ej is then obtained by performing 2r; 4 1 steps of amplitude amplifications toward
the potentially good subspace Im (Hij).
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Apparently, Tunable VTAA offers more flexibility than the VTAA of Ambainis, due to the
introduction of tunable threshold values «; that can be optimized for different input algorithms
and initial states, though it may not be immediately clear how much more powerful this modification
is. In the following, we show that Tunable VTAA is universal in the sense that it is equivalent to
a generic nested amplitude amplification with no overshoot and constant loss factor. This provides
a compelling reason for us to examine Tunable VTAA in greater detail.

In the forward direction, let us suppose we have a Tunable VTAA with amplification thresholds
0 <a; <lforallj=1,...,mand 37", a; = O(1). Then, in case we have a nontrivial

amplification with r; > 1 and 0 < HHJ-HbAjEj_lwo)H <1

(2r; +1) Hmfljﬁj—l\wow < (2| ™ g) HmAij_lwwu
6 HH]-HbAjAj—1|¢0>H 2 (54)
- @ +2 HmAjngW&H

< Jao; <1,
so there is no over amplification. If on the other hand r; = 0, then it trivially holds (2 -0 +

1) HHJ'HbAjgj—1|¢O>H < 1. We thus conclude that there is no overshoot in all the stages j =

1,...,m. Now we lower bound the loss factor. Applying Proposition 16 from Appendix B only to
the nontrivial stages,

sin ((2rj + 1) arcsin (HmAJ’gj—l‘d’wH))

ri>1 (2r; +1) HHijAjgj—1|¢0>H
> 1 - Yo 412 |[TmA A > n(1-22 (55)
= H 6( ri+1) jHpAjAj—1]tbo) = exp Z n 6
TjZl 7"]'21
5 5\, 2,% _ [5\Zi=1%
> exp Z>:1 In <6) (0% = <6> =1 > <6> = Q(l)’
7’]'7

where in the third inequality we have used the fact that In(1 —z) > In(1 —¢)Z for 0 <z <c < 1.
Hence, the total loss factor of the nested amplitude amplification is at least constant.
Conversely, suppose we have a nested amplitude amplification with schedules r; with no over-

shoot HH T, A; A, 1]vo) H < sy (T, A o) |

i=1 2r D)L Ay A, o)||
Q(1). Then, let us choose the following thresholds

and constant total loss factor []

. . 2
9(27'j + 1)2 HHijAjAj—l‘wO>H » Ty > 1, (56)
0’ Tj = 0

a; =

Clearly, a; < 1 which follows from the no overshoot condition. It is also verifiable that Tunable
VTAA with thresholds «; implements exactly a nested amplitude amplification with schedules ;.
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Moreover, we upper bound the loss factor by applying Proposition 16 to all the nontrivial stages

sin 27’] + 1) arcsin (HH I, A; AJ 1|%0) H))
r]>1 (2r; +1) HH Ty A;j Aj_1]1) H

H (1 — 47Ti_(%] +1) HH I, A, AJ 1|%0) H > = exp Z ln( 47;7:38aj> (57)
r;j=>1

4T — 8 1
<exp | — Z 5 | = 4?8))ZUZI%,

rj>1 (exp ( 973

where in the second inequality we use the fact that In(1 — x) < —x for z < 1. The assumption
that the total loss factor is constant then implies that Z;”Zl aj = er>1 a; = O(1). We have thus
established:

Proposition 4 (Universality of Tunable VTAA). The following correspondence holds between Tun-
able VTAA and variable time nested amplitude amplification.

i) A Tunable VTAA ({I1;}7 o, Iy, {A; 70, {o Yy, [%0) | according to Definition 3 where aj <
7=0 75 5j=0 75 5=0 J
1 and Z " ,a; = 0O(1), is a variable time nested amplitude amplification according to Defi-

~ T, 1T, A |0)
nition 2 where HH]-HbAjAj_ﬂwO)H < ﬁ and [ 52, (2Tj+1)‘H;IjllZij4quj’1|wo>H =Q(1).

(i) A wvariable time nested amplitude amplification ({Hj}}ﬂ:oaﬂb, {40, ity |¢0>) accord-

; it ) . 1 m [T TT, A o) || -
ing to Definition 2 where HHJHbAJAJ—1W0>H < 3,50 and szl DT Ay Ayl —

(1), is some Tunable VTAA according to Definition 3 where aj <1 and 377" a; = O(1).

3.2 Query complexity

We now analyze the performance of Tunable VTAA, taking into account the fact that not all stages
have nontrivial amplitude amplifications.

Specifically, suppose there are nontrivial amplifications at stages 1 < s1 < --- < s; < m, with
the corresponding amplification step numbers r,,,...,r5, > 1. Then, the cost of a nested amplitude
amplification algorithm previously stated in Eq. (46) should be revised to

l +1 l
Cost(An,|1h0)) = Cost(|v)) H oy, +1)+ Y Cost(A,, - A, 41) [[@2re, +1),  (58)
u=1 v=1 U=v

where we adopt the convention that s = 0, s;1 1 = m + 1 and A,,41 = I. That is, the query cost
is multiplied by 2r;, + 1 only at the [ nontrivial stages, and we merge the cost of input algorithms
Cost(Ay) for k = s,—1 +1,...,s,, associated with the same query product HL:U(%SH +1).
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Let us consider a general query product from stage s, to s,, and re-express it as

ﬁ(Qrsu +1) = ﬁ (2r + 1)

u=o k=s

o ' o ([T Ay o)

- kl_!v (2rk+1’)’mjlﬁi[wo>\ Hmz‘lkgk—ﬂ?#d”

_ H L [T, loo)| [T -1 - sl )
k=5, (2Tk+1|)|mzllcﬁi”1%>| “HSU—lﬂbgsu—1’¢0>“ [T, Ty As,, -+~ At lvo) |

_ H 1 ”mgs,w|¢0 H LA, "'AIWO>H'
. [ Moo T Asy [0) | HHSM Ay, Jtho) H HH T, Ag, - - As [t)]]

(275, +1)|| Ty Ty Ay, Ay, —11200) |

Here, the first equality uses the observation that for s, < k < s, either we have a nontrivial stage
with k = s, for v < u < w, or we have a trivial stage with r, = 0. The second equality is a direct
rewriting. The third equality can be reasoned using Eq. (44) in a similar way as [12, Lemma 16]:

i [T adeo)| \ 2 (0 [TAde)| [T Ao
k=, Hmflkgk—ﬂ%)H - k=s., ngk—1’¢0>H HmAkﬁk_l\wwH
_ S ngk’%w‘ |1 I, Ag—1 - - - A1[eo) |

[Tom A | TTAs - Adfyol] (60)

Ao o) T S s, Auloo) |
A ]| T Ao

The justification of the last equality requires some more efforts. In the first factor, we have
changed the multiplication variable from k& back to u, using again the observation that for s, <
k < sy, either we have a nontrivial stage with £ = s, for v < u < w, or we have a trivial stage

|| T, A [400) ||
(2r+1) || T Iy A A1 [0) ||
all trivial stages by definition. Thus, invoking Eq. (44),

with . = 0 and loss factor = 1. Now recall that s,_1 +1,...,s, — 1 are

||Hsv71HbAsv71"'A1|¢O>H _ HHstHbAqu"'A1|1/)0>|| o HHSU,lnbAsv,l A1|¢O>H
Hsvflnbgsuflwow HnsquHbAsvfl "'Asv71+1gsu71|1/’0>H Hsuflnbgsv71|wO>H

(61)
This proves the claimed representation of query product. As this representation will be used
multiple times within the paper, let us encapsulate it into a lemma.

Lemma 5 (Representation of query product). Let ({Hj}TZO, Wy, {A; 70, {ri} e, ]¢0>> be a vari-
able time nested amplitude amplification according to Definition 2. Suppose that ri, > 1 happens
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only at | stages 1 < s1 < --- < 5p < m. Then,

w w

! |
H(Q'I”su +1) = H TG A,y [00)]] ‘

- - 0 M, 1A, H
v T\ @re D[, oAy, Aay 1 [v0) | so-1 1l As, s [¥0)

H31A,Hbgsz,,‘¢O>H T, T A, -~ Adfdo))|
|stHbAsw e AlW’O> ||

(62)
for 1 <wv <w <1, under the convention that so = 0.

We now apply this representation to the query products in Eq. (58), all of which end with w = [.

By definition, s; is the last nontrivial stage so s; + 1,...,m are all trivial. Invoking Eq. (44) once
more,
I T A, - Avo)|| [ TallpAm - Adebo)|| [Tl A -~ Ar[to)]| -
LA )| [ Tahdn - A dglvol]| || TG Anlvo)|
giving
l l I [Tl | T TAL - Aol

H(2Tsu +1) = H T T AL, 1vo) || ‘

u=v u= — g
(QTSu +1) ||H5u HbAsu Abu*l |'¢'0> ||

mgsv,Jﬂf@H | TLn Ty Ay, - - - As[3ho) |
(64

To proceed, note that the first factor is the inverse loss factor, which can be bounded by (g)zj:1 i,

Then, we have the amplitude of post-amplified algorithm trivially bounded by HHme;{m‘"L/}o> H <1
In practice, we would also adjust the last stage of VTAA so that the amplitude is at least constant.
Next, HHmeAm . A1|1j)g>H = \/Psucc by definition. We now lower bound HHsuqugquwwH:

HHSU—1HbgsU—1|¢O>H = sin ((2rsv_1 + 1) arcsin (HHSU_IHbAsU_lgSU_I,l|1/)0>H)>

5 Qs, 1 ~
Z <6> (2””31)71 + 1) ”HSU71H6A8v71A8U71—1|w0>H (65)
=Q (, /as%l) .
This analysis holds for all query products starting at v = 1,...,[l. In particular, for the cost of

initial state preparation, we have v = 1, oy = 1 and |[||1)o)|| = 1. Altogether, this gives the query
complexity of Tunable VTAA

Cost(Ap|1ho)) = 0( Cost(As, - - A1]th))

psucc

1 I+1 1

+
V/Psucc —2 V1

s, Iy As,_, - - Ai|tho) || Cost (A, -+ As, 1 41) ) :

(66)
Note that the cost of VTAA would remain the same if we were to pre-merge the input algorithms
As, -+ As, 41 during compilation, resulting in a (I + 1)-stage algorithm. We now claim that

I=0 <log ( @)) Indeed, this follows from the observation that

l L
de T 0= (77 o(1) = (s () @
a1 5 \/Im Psucc Psucc
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1
V pSUCC
pre-merged yielding a significantly simplified VTAA.

Therefore, in the interesting regime where log ( ) < m, majority of the algorithms can be

3.3 l%-quasinorm scaling

Having established the universal property and query complexity of Tunable VTAA, we now explore
its limitation. In particular, we will show that complexity of Tunable VTAA can be optimized to
scale with [2-quasinorm of the input cost.

To this an, we note that the query cost of initial state preparation and algorithm A --- A;

. 1
has the scaling O ( N
query complexity of the remaining input algorithms. Up to a rescaling, this reduces to solving the

> independent of the amplification schedules, so it suffices to optimize

following problem:

I+1 1
minimize

22 OéS'ufl

V=

+1 (68)
subject to Zasv_l =1,

v=2

HHSHHbASH e A1]¢0>H Cost (As, -+ As,_141)

as, >0, v=2,...1+1.

This optimization problem can be readily solved by the weighted mean inequality. Specifically,
given positive real numbers {w,},_, and {x,}! _,, the inequality asserts that the weighted harmonic
mean is always upper bounded by the weighted quadratic mean [52, Problem 8.3]:

(69)
with equality if and only if 1 = --- = ;. Specialized to our problem, let us choose
2
Wy—1 = (HHSv—lnbAsv—l ce A1|77Z}0> H Cost (Asv T ASU—1+1)) 3 ) (70)
_1
Ty—1 = /s, —1 (HHsvflnbAsvfl T A1|¢0>H Cost (Asv t AsU,1+1)) 2,
for v=2,...,1+ 1. Then, the weighted mean inequality implies that
+1 1
Z HHSU—IHbASU—l e A1|¢0>H Cost (Asu T Asv—ﬁ-l)
v=2 Sv-1
3 (71)
+1 2 2
> (Z (HHSU—l]:[b'ASD—l T A1|¢o> H Cost (Asv T ASv—H-l)) 3)
v=2
with the lower bound attained when
2
Og,—1 X (HHSv—l]‘_[bAS'u—l cee A1\¢0>H Cost (Asv e ASu—l‘H)) 3, (72)

We have thus established:
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Proposition 6 (Query complexity of Tunable VTAA). Let ({Hj}}n:oa Iy, {457 0s {0, W0>>
be a Tunable VTAA according to Definition 3. Assume that the threshold values satisfy 0 < o; <1
and 377" aj = O(1). Then,

(i) Nontrivial amplifications happen only at | stages 1 < s < --- < sy < 'm, where

=0 <1og3 <Jpli>) . (73)

Under the convention that s;11 = m+1 and Ap+1 = I, Tunable VTAA has query complexity

Cost(Ap 1)) = o( Cost(As, -+ A1)

pSUCC
1 I+1 1 -
+ VPsuce =4 /s, HHsvflﬂbAsvﬂ . A1|¢O>H Cost (ASU . Asu71+1) )
(74)
(i) Pre-merging trivial stages and using thresholds
I. I, 2
Qg, 1 X (HHsv,ll'[bAS%l A Al‘w(])H Cost (Asv .. 'Asvfl-l-l)) 3 ’ (75)

the complexity of Tunable VTAA can be minimized to attain the £2-quasinorm scaling
3

1
rSUCCCOSt(Asl - Axto))

I+1 3

- 1L, .11, 2
o (S oo (1A )
(76)

In our above discussion, we have used precise values of all the norms involved to simplify our
presentation, but they can be replaced by their constant multiplicative approximators without
affecting the asymptotic analysis. If this prior knowledge is not available, one could perform
nested amplitude estimations like in [2, 12], introducing logarithmic overhead and substantially
complicating the structure of algorithm. However, the advantage of using Tunable VTAA is that
this nested amplitude estimation may be completely avoided if we choose the threshold values
analytically. We will demonstrate this feature in Section 4 for solving the quantum linear system
problem.

Cost(Ap|th)) = 0(

4 Discretized inverse state

In this section, we introduce the discretized inverse state for solving the quantum linear system
problem, which can be efficiently prepared by Tunable VTAA. We begin with its construction in
Section 4.1 by performing Gapped Phase Estimation (GPE) on quantum walk, taking special care of
the issue that eigenphases of the walk operator are split into two branches with opposite + /- signs.
We then present a deterministic amplification schedule in Section 4.2 that significantly simplifies
the structure of VTAA.

To further reduce the query complexity, we present an improved analysis of VTAA in Section 4.3
by projecting error onto the potentially good subspaces. Finally, we develop a simple solution norm
estimation algorithm in Section 4.4 to estimate pgucc when a constant multiplicative approximation
of it is unavailable a prior.
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4.1 Gapped phase estimation with branch marking

In the quantum linear system problem, the coefficient matrix is block encoded by oracle O4 as
A/a 4 with normalization factor ay > ||A||, and an upper bound on its inverse avy-1 > HA_lH is
known a prior. We now make a few more assumptions to simplify the discussion without affecting
generality. First, we assume that A is Hermitian and O,4 is a Hermitian unitary; we can always
fulfill this requirement by considering the Hermitian dilation [0)1|® A+]1}0|® At block encoded by
[0X1|® 04+ [1X0| ®OL, with the corresponding initial state |0)|b). Second, we assume aq > 2| A||,
which can be achieved by block encoding a constant factor to artificially increase the normalization
factor. Third, we assume that both sy and a4-1 are integer powers of 3. Again the former can be
satisfied by rescaling the block encoding, whereas the latter can be realized using another bound
at most a constant factor 3 larger.

As an immediate consequence, the upper bound k£ = aga -1 on the condition number is
also an integer power of 3, and thus the number of VTAA stages m = logs(k) is an integer.

Moreover, for any eigenvalue A, of A, the block encoded operator % has an eigenvalue ﬁ such

that ‘—‘ € [5,1).
Our algorithm proceeds by applying quantum signal processing to the quantum walk operator.
Specifically, assume that the coefficient matrix is block encoded as == = G'04G for some isometry

G. Then, the quantum walk operator is defined by W = (2GGT ) O4. In Appendix C, we give a
self-contained exposition of the qubitization result [38] linking a block encoding to its walk operator.
In particular, we prove the following spectrum correspondence: if the input block encoding has the
spectral decomposition

then the walk operator has the corresponding spectral decomposition

W= Z < +zarccos )‘¢u+><¢u+‘ +e —zarccos( >|¢u _>< u—|> (78)

when restricted to Im (GGT) + Im (OAGGTOTO, where

OAG‘¢u> )\uG’¢u> |¢u,0> + Z.|§Z)u,1>

Note that we have omitted the degenerate 1-dimensional subspaces in qubitization, because all our

|¢u,0> = G’¢U>a ’(bu 1> ’(bu,i) = (79)

< 1 following the rescaling assumption at the beginning of this subsection.

Now, suppose that the initial state can be expanded in the eigenbasis of A as |b) = >, Vu|®u)-
We can then apply G and expand it in the eigenbasis of W as

618) = 3 G100 = 3 rulbuo) = 3l 0, (30)

Next, we apply GPE to label the interval to which every eigenvalue belongs. In earlier work [15],

GPE is performed on the time evolution operator ¢*4, which introduces the overhead of Hamiltonian
simulation. More recent work [13] suggested applying GPE directly on the quantum walk operator
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W. In our language, this would produce an unnormalized state of the form

1 m—1 3k+1 3k
7 Z <Ck+1,u,+3m’k> + Ck,u,+371\k - 1>> Vu Pu,+)

Ay E[ 11
@l 3k+1°3k

(81)

3k+1 3k’
(Gt T )+ G k= 1) ) ).

As the coefficients (j, + are different from ¢, — in general, one finds that the original uniform
superposition of ¢, 1) and |¢, —) is “distorted” by GPE into a non-uniform superposition. More-
over, this distortion on the + branches of quantum walk is not recorded by any ancilla state, and
so it is not possible to perform amplitude amplification. This then leads to a highly inaccurate
solution state, a critical issue left unattended in [13].

We address this issue by a gadget called branch marking. Up to a controllable error, branch
marking realizes the transformation

’+>‘¢u,:l:> = H:>|¢u,:t>v (82)

recording information about the signs of eigenphases of the walk operator into an ancilla register.
Given thresholds 7, %, we then perform GPE controlled by the branch register to transform

)10} gu) = ) EIGus), 1) = uol0) + EualL), (83)
such that
0), 2 €y,
e Q). 2w e [-2,2], (84)
—[0), 2 e (~1,-],

Importantly, the output state |£,) has no dependence on the specific & branch of quantum walk,
regardless of whether the original eigenvalue A, is in the passband, stopband or transition band of
GPE—this is the primary purpose of using branch marking.

We now describe a variable time quantum algorithm for preparing the discretized inverse state.
Our algorithm acts on a clock register |7) holding values j = 0,...,m — 1, a two-qubit flag register
with possible states

|good) = |00), |bad) = [10), |cont’d) = |01), (85)

and a system register holding the solution state, ancilla state for block encoding, a single qubit |+)
for branch marking, and any additional ancillas consumed by the branch marking and GPE. We
introduce accuracy parameters €y, €gpe,j t0 be specified later. The algorithm is then constructed
as follows.

1. Initialization:

(a) Set the state of clock register to be |0).
(b) Set the state of flag register to be |cont’d).

(c) Apply the branch marking unitary from Proposition 22 to implement the transformation
|4+) | Put) — |£)|du,+) with accuracy epp.

2. Discretized inversion: for j =1,...,m — 1,
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(a) Controlled on the clock state |j — 1), flip the second qubit of the flag register and apply
GPE from Proposition 23 with v = %, p = 3 and accuracy €gpe,j, storing outcome back
to the second qubit of flag register. Up to error €gpe j, this implements the transfor-
mation |cont’d)|£)|¢u+) — (§u,0/g00d) + & uilcont’d)) |£)|py,+), where &1 = 0 if

% < ‘2—1‘ < %, and &u0 =01if 0 < ‘;\—: < 33}%1' Note that both + branches pick up

the same coefficients £, 0 and ;.1 in the outcome state.

(b) Controlled on the state |j — 1), implement the mapping |cont’d) — |cont’d), |good) —
%| good) +4/1 — S?—i|bz&ud>. This can be achieved by applying a Pauli-Y rotation on the
first qubit of flag register, controlled by the second qubit in state |1).

(c) Controlled on the flag state |cont’d), increment the clock state [j) — |7 + 1).

3. Finalization:

(a) Controlled on the clock state |m — 1), apply the transformation |cont’d) — |good). This
can be achieved by applying a Pauli-X gate on the second qubit of flag register.
(b) Undo the branch marking by invoking the reversal of Proposition 22.

Let us first confirm that the above is indeed a variable time quantum algorithm in the sense of
Definition 1. To this end, we define the clock projections

= Y |o)al @ (Jgood)good] + [bad)bad]) (36)
0<z<j—1

for j = 0,...,m. Note that II,,, = I holds effectively since the last step of our algorithm always
maps |cont’d) to |good). The flag projection is naturally selected to be

IT, = |bad)(bad]. (87)
Finally, we have the following input algorithm at stage j (only showing its nontrivial actions):

Cj =13} —11© ) &ualcont'd)cont'd| @ |, ¢y .+ XE, Pl

. . 37 9i ) (88)
Fi =G - 10D &uo gm(800d) + /1 — obad) | {cont’d| @ |£, Pua AL, Guzl.

It is then a routine verification that C;II;_; = II;_; holds for all j = 1,...,m — 1. This is also true
for j = m if we define Cy, = |m — 1)(m — 1| ® |good)(cont’d| (corresponding to setting &, ,0 = 1
for all w). For notational convenience, we may assume that branch marking and its inverse are
incorporated into C7 and C),, respectively.

To simplify the discussion, we consider the case where the branch marking can be performed
perfectly, corresponding to input algorithms By, ..., B,,. This produces the output state

m—1 m j .
SO0 S Gui-n (;rgood> +yf1- 3;|bad>> u (s Gt} + 1= 60
1

= el ) -

Sl

(89)
where (j, are the cumulative coefficients at stages j

Jj—1
Giou = &0 H L1 (90)
=1
Moreover, we know that GPE has the action:
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(i) For 2—; € |:3k1+173Lk) C [311,1) or equivalently, I > k + 1,
§iu1 =0, L0 ~ 1. (91)
(ii) For 2—: € [3’@1‘%173%) = [31%,?%) or equivalently, | = k,
(€0l + 1€ [* = 1. (92)
(iii) For 2—: € [3,}+1 ) 3%) - [0, 31%), or equivalently, | < k — 1,

gl,u,O ~ O, fl,u,l R~ 1. (93)

This means that the cumulative coefficients satisfy (;, ~ 0if j > k+2or j < k—1. So if we
further assume that GPE can be performed perfectly in the passband and stopband, corresponding
to input algorithms Ay, ..., A, then we get

k+1

1 3k+1 9
7 > Cht1,ul k) 3T|g00d> +y/1- QT’bad>

0 | anfe o)
k / k
+ Ck,u’k - 1> (;n|g00d> + 1- sm‘bad>> )’Vu (’+7¢u,+> + |_a¢u,—>) :

(94)

Compared with Eq. (81), our Eq. (94) maintains the uniform superposition of the eigenstates

|pu,+) of the quantum walk operator. At the end, the branch marking register is uncomputed, so

the two branches can be merged back to recover the original eigenstate |¢,) of the input matrix.

In the next subsection, we will describe a deterministic amplification schedule for Tunable VTAA
to amplify such a state.

4.2 Deterministic amplification schedule

We now describe a deterministic amplification schedule for Tunable VTAA to prepare a state
proportional to

3k+1 3k
wd—inv - Z Z (CkJrl,u?)m‘k> + Ck,u?’*m’k - 1>> 7u‘¢u>7

h=0 2; €[3k+1 fk) (95)
k+1 gk
‘wd IHVH Z Z |’Yu’ <|Ck+1 u‘ 9m> = Psucc,d-inv -
h= 0‘ ‘6 3k+173k)

For presentational purposes, we assume that we know the precise value of pgycc d-inv- This assump-
tion is without loss of generality as the asymptotic scaling of algorithm is not affected if a constant
multiplicative approximation of pgycc d-inv is used instead, which can be constructed from a con-
stant multiplicative estimate of psuce, because psyce.d-inv = © (Psuce) holds per Proposition 25 of
Appendix E.2.
Following the discussion in Section 1.4, we consider the thresholds
= {029j_m+l HH]'HbAj .- A1|1[)0>H2 , j=m—=14+1,...,m,

96
0, j=1,....,m—1I, (96)

for some constant c % 1 (say ¢ = 1.001) and integer 0 < < m to be determined later.
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Analysis of amplification threshold We know from Proposition 4 that > ., a; = O(1)

must hold to avoid a large loss factor. Here, we can use Eq. (94) to evaluate the potentially good
probabilities as

ITTT A, - - Av o) |
= |HijAm"'A1\1/JO>H2
1

= >,

Z Z |'yu‘2 |Ck,u‘2

_ (97)
[ el ) " ”1\ fel5r3)

Jj—1 J 9
+ Z |’Vu, |Cht1, u| Z Z |’7u’2 Kk,u,Q om

s lrak) |l laerak)

In doing so, we have assumed again that GPE and branch marking can be performed perfectly. See
Proposition 26 from Appendix E.3 for the complete analysis.

Using this, we compute the sum of threshold values:

j=m—l41
) m m—1 9 k+1
<c Z Z |'7u’ ’<k+1u’ +Z Z "Yu’ ’Ck+1u|
=i NS e 2 Sl )
-1
< 2 5 9F F—m+l
+ >l el +Z >l Gl 5 9
k=j+1‘%e[3k£rl73ik) k= 0‘ 3k+173ik)
, l m—1 ) ) J+m—i-1 9k:+1
=) > Yl 11l + > Yul? 11,0 "o
j=1 =J - u = u
=\ e ) S [l
m—1 ) ) J+m—l 9 9 9k .
+ Z Yl ™ [Crgul™ + Z Z Yl ™ [ gm 9.
= e ) = sl )

(98)
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By exchanging the order of summation, we may bound first line of the result as

! m—1 , , j+m—1-1 ) 5 ORI\
Z ( Z Z |7u| |<k+1,u| + Z Z |’yu| |<k+1,u‘ 9m>9]

m—1 k—m-l1

. m—1 l k+1
— Z Z ) |Ck+1,u|2 9 + Z Z Z [l |Ck+1’“|2 99ng
i=1 =0 7=k=

T T el ) w el 3)
9 m—1 9 9 9k:+1
< g Z |'Yu| |Ck+1 u‘ 9k mt + 3 Z Z |’Yu‘ ‘Ck+1,u| 9791
k=m—I+1 A 1 1 k=0 1 1
au €[3k+1 k) ) [3k+1 k)
m—1
5 ght1
< 1 Z |'7u|2 |<k+l,u‘2 ngl-
O |l 3)
(99)
Similarly,
l m—1 j+m—l ) ) 9k' 4
S L) = [ lelstd)
m—1 k—m+1—1 m
= Z Z Z |'Yu |Ck u‘ 9 +Z Z Z |7u‘ ‘Ck u| 79j
k:m—l-&-j j=1 |% e[ﬁ731k) k=0 j=k— m+l‘ﬂ’6[ﬁ,ﬁ) k (100)
9 & . 9 & 9
<2 ¥ DN D DD DR S
k=m—I+2| xy 1 1 k=0 11
|“‘A €[3’“'*'1"3’C) | | [ k+1’3k)
5 m—1 ) ) gk l
<7 > > Iyal™ [Chul gm -
0 2 e )
Altogether, we obtain
Czpsucc,d-invgl =, < Z Q5 = Z c? HHijAj -+ Ailtbo) H 97—t
j=m—I+1 j=m—I+1
52 | = 9k
<> S Pl Z Z ol lGeal? o [0 1OV
k:o’Lu’e[ 1) k()‘ ‘ L)
an 3k+1°3k o 3k+1'3k
5c?
= TpSuCC,d—ianl'
We thus have Z;”:m_l_H aj <1 aslongas! < Floor ( logs (\/gcpfuccdmv =0 (log3 (\/m»

In particular, there is no over amplification and the loss factor of VTAA is constant.

Analysis of amplification schedule Next, let us derive the deterministic amplification sched-
ule. At the beginning, j = m — [ 4+ 1, and we compare

HHmeleAmelgmleo) H = | i1 Ty Ay 1 At - - - Ax|tho) || (102)

32



and
1

g\/ m—Il+1 = C HHm—l-l—IHbAm—l—‘rlAm—l T Al |¢0> H .

Assuming ¢ g 1 (say ¢ = 1.001), we find that

I ~ 1

HHm—l-&—lnbAm—l-&—lAm—”wO) H < g\/ AUm—141,
~ 1

3 HHm—l-&—IHbAm—l-&—lAm—l|¢0> H > gv Am—1+1,

so 3 amplification steps are needed for j = m — [ + 1. After that,

1 j— .
(1 — ) | i1 Ty Ay - - A1|¢0>H2> 3 | — g1 My A1 - - - Ax[tho) |

< HHm—l—&-lnbAvm—l—&-1|¢0>H
< 3|11 Iy A1 - - - Ar[eo)| -
By induction, suppose we have
J

1 e~ N |
H <1 - 69 HHkHbAkAk—lw)O)H > | I A; - - - Ay o) | gj—m-tl
k=m—I1+1

< Hﬂjﬂbgﬂw&”
< |TILA; - - - Ay o) || 37~

after stage j. For j + 1, we want to compare
Hﬂj+1HbAj+1Aj|¢o>H

and

1 . -
SV = 3T TT Ay Ay - Afgo) ||

Using the inductive hypothesis and Eq. (44),

j o N |
H (1 - 69 HHkHbAk;Ak—lWO)H ) HHJ'—HHbAj-H . 'A1|¢O>H 3i—m-tl
k=m—I1+1

< Hﬂj+1ﬂbz4j+1gj\1/10>H
< T I, Ay - - - Ax o) || 3i—mt,

)Z;'nzlaj Z %

Then since the loss factor > (% , the amplitude satisfies

~ 1
Hﬂj+1HbAj+1Aj|¢o>H < 3V,

L 1
3 HHj+1HbAj+1AjWo>H > VOG-
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So again we need 3 amplification steps for j + 1. After that,
j+1 L N |
H <1 - 89 HHkHbAkAk—1WO>H ) ||Hj+1HbAj+1 . ..A1’¢0>” i+1—m-+l
k=m—I+1
1 ~ 5 - B

< (1 - 69 HH;‘+1HbAj+1Aj!¢o>H ) 3 HHJ'“HbAJHAjl%)H

A (111)
< HHjJFleAjJer)@H

<3 HmAngjWo)H
< TG TT A - Au o) || 371+,
The induction is now complete. We obtain the following deterministic amplification schedule as

desired:
3, j=m—1+1,...
S (112)
1, 7=1,....m—1.

)

Analysis of query complexity We now consider the query complexity. Invoking Proposition 6,
we have the cost

1
O( 5 Cost (A 141 A1lvo))

m

1 1 -
+ \/m Z \/04]771 HijIHbAjfl cee A1‘¢0>H Cost (Aj) )
j=m—Il+2
o ! Cost (Op) + ! log < ! > Cost (04) + ! mfl 37 log < > Cost(04)
= b - A A
v/ Psucc v/ Psucc €bm v/ Psucc =1 €gpe,j
1 Ui i 1
+ 373 log < ) Cost (O4) |,
v/ Psucc j=7§:l+2 €gpe,j
(113)

where we have again used psyce,d-inv = © (Psucc). Here, the cost of GPE grows exponentially with
the stage number j like ~ 37, suggesting a non-uniform error schedule of the following form

€gpe s
, j=m-—I0l+2,...,m,
€gpe,j = { : (114)

et j=1....m—-1+1

l.om—Il+1—35>

This then leads to the cost

1 1
(@) Cost (Op) +
< \/ psucc ( b) V pSuCC

1 ; l
+ Z 3J(m—l+1—j)log(

€gpe

. l
gm—l=igs log < > Cost (0,4)
v/ Psucc j=7§:l+2 €gpe

1 1 1 Ik l
=0 Cost (Op) + (10 <> + —1lo ( )) Cost (O ) ,
< v/ Psucc ( b) v/ Psucc s €bm 3! s €gpe ( A)

34

log <1> Cost (0.4)

€bm

) Cost(04)
(115)
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which decreases as [ increases. So we should choose the largest possible I:

| — Floor (1 (ﬁ)) ~o (s, (). 116)

Analysis of success probability As an immediate consequence of the choice of schedule, we
obtain

[T A lo)| > 28" [Ty -~ Aslo) |

5 o ()
> 63 VoeyPrucediny ) fpece iy (117)

5 2 \/5
= \/P d-i
6 \fcx/psucc d-inv 3 Sheeamy

So VTAA outputs the normalized version of discretized inverse state ¥q.iny With a constant success
probability.

Analysis of error With this deterministic schedule, the initial state |b) and input algorithms

Ay, ..., Ap_i41 are invoked 3! times. After that, algorithm Aj is invoked 3m=i+1 times for j =
m—1+2,...,m. So the total error of preparing the discretized inverse state is at most
m—I+1

€ope 1 €gpe ! €bm T+ €gpe
3lepm + 3 _‘epe gm-itifere _ o (3 (ébm + egpe)) -0 <> :
Z [.om—I+1—j i mzl+2 l /psucc

(118)
Thus, by setting

€bm, €gpe = © (\/ psucce) ) (119)

we can generate the discretized inverse state 14.iny With constant probability, accuracy € and query
complexity

Cost (0) + log ( ) Cost (OA)> . (120)

o < 1 1 > log < 1
v/ Psuce 4/ Psucc v/ Psucc€

In the next subsection, we show how to project the error into potentially good subspaces to improve
the query complexity to

@)

log | (—
)log M Cost (O4) | - (121)

€

Cost (0y) + klog <

psucc psucc

4.3 Projecting error toward potentially good subspaces

In this subection, we present an improved error analysis for preparing the normalized discretized
inverse state by projecting error onto potentially good subspaces.

To begin with, recall that if branch marking were perfectly performed, our discretized inverse
state would take the form

m—1 m

37 97
Z ZCJ ulj = <3m‘g00d> +/1- 9:n|bad>> VulPu), (122)

= |axfelr ) -
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where (o = & u0 Hf;ll &1.u,1 are the cumulative coefficients, such that the normalization condition

11,00 24 |fl,u,1|2 =1 holds at all stages [. If GPEs were also performed perfectly, then majority of
(j,u would be zero unless j = k,k + 1 and we get

m

1 k+1 k+1
> X <<k+1,u|k> (i”gm\goo@ Hyf1- 99,n|bad>)
)

k=0 >\7u E[ 1 1
@ 3k+173k

(123)

3k 9k
+ Ck,u|k - 1) <3m‘g00d> + 1- 9m|ba‘d>> >7u|¢u>

Let us compare these two states, but only within the potentially good subspaces. That is, we
compare

. RY
wd—inv,m - Z Z Z Cj,u J— 1>37m’7u|¢u>7 de—inv,mH2 = Psucc,d-inv,m>

k+1 3k

3
wd—inv - Z Z <Ck+1,u‘k>3m + Ck,u’k - 1>3m) ’Yu’¢u>; H'L/}d—inv”2 = Psucc,d-inv-

(124)
Then their squared Euclidean distance is bounded by
m—1 9]-
2 2 2
||¢d—inv,m - wd—inv” < Z Z |r7u| Z ‘Cj,u 97m (125)
k=0 )A—"‘G[ 1 L) J#kk+1
aq |S L3RI 3R
We divide the analysis into two cases.
(i) j <k —1: In this case, we use the bound
<1 I=1,...,5—1
’él,u,1| ~ 1, ) »J ) (126)
|€5,u,0] < €qpe.;-
to obtain
‘Cj,u‘ < €gpe,j- (127)
(ii) 7 > k+ 2: In this case, we use the bound
‘gl,u,l‘glﬂ lzl?"'7k7
‘gl,u,l‘ < €gpe,l> I=Fk+ 17 R 7j - 17 (128)
|£.77u70| é 17

to obtain

7j—1
< I] eeper- (129)
l=k+1

|Cj,u
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This bounds the squared distance by

k—1 9] m 7j—1 9]
2
TSI SIND ST D SESE B ol (o
k= 0‘ ‘G k+1 ik) j=1 j=k+21=k+1
3 '3
m—1 ) ) 9k+2
< Z [7ul Zegpea gm + Z Cgpe.j—1"gm gm (130)
kzo‘ﬂ‘e[z@ﬂ-p%) j=k+2
ap 3 3
2
m—1 9 9k+2 )
< Z h”u‘ 97 Z €gpe,j < 9psucc,d—inv,1€gpea
k= u j=
" [2ale [ o)
where
m—1 9 9k+1
Psucc,d-inv,1 = Z Z |'7u 97 (131)

k=0
’ ‘6 3k+173k)

Here, we assume all €gpe; < % in the second inequality and upper bound the fo-norm by ¢;-norm
in the third inequality.

Now we take the error of branch marking into account. If the actual output state is ¥q-inv,bm
with “¢d-inv,bm”2 = Psucc,d-inv,bm; then

[Yd-inv,om — Yd-iny,m | < 2€bm, (132)
implying through the triangle inequality that
[9d-inv,bm — Ya-inv]| = O (\/Psuce,d-inv1 €gpe + €bm ) - (133)
Hence, by [39, Lemma 24|,

H Q/)d-inv bm - u}d—inv
\/psucc d-inv,bm \/psucc,d—inv

2 [[d-inv,bm — Yd m
< ”wd inv,bm wd mv” -0 <€gpe + €b ) , (134)
/Psucediny VPsuce

where we have used psuce,d-inv = © (Psuce,d-inv,1) = O (Psucc) from Proposition 25. We see that the
error of GPE shrinks by a factor of @ (1 /psucc) when projected onto the potentially good subspaces,

which cancels with the state normalization factor © . Hence, we choose

1
V/Psuce
€gpe = @(6), €bm = O (\/ psucce) ) (135)

obtaining the claimed query complexity of preparing discretized inverse state

log
<7 Vp) Cost (04) | . (136)

O —— ) lo
\/psucc> & €

1
Cost (Op) + klo <
V psucc ( b) g
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4.4 Solution norm estimation

Up to this point, we have assumed that a constant multiplicative estimate of the solution norm
H]A‘Hb})H is available a prior. This assumption is equivalent to knowing psuce and psuce,d-inv t0

1
V pSLlCC
state preparation. In this subsection, we show that this strictly linear scaling can be attained even

with an unknown solution norm, when pgy,cc is replaced by its lower bound ap,.. < psuce. In fact,
we will describe a solution norm estimation algorithm whose query complexity of the initial state

oracle has the scaling O ( \/a,,lbﬁ>

We begin by introducing the amplitude estimation algorithm.

a constant multiplicative accuracy, which is necessary to achieve the O ( ) scaling for initial

Lemma 7 (Amplitude estimation). Let U be a unitary and II be an orthogonal projection. Then
for any €,6 > 0, there exists a quantum algorithm that outputs y with

P (ly = [MU0)|I| = €) <6 (137)

o (e (1)) s

queries to controlled-U, controlled-reflection I — 211 and their inverses.

USIng

Note that in applications where the target accuracy e = @(1) is constant, it is possible to perform
amplitude estimation by repeatedly measuring outcome of the algorithm and applying Chernoff
bound. Otherwise if a smaller € is desired, we can use quantum phase estimation [11].

To simplify the discussion, we first consider the discretized inverse state with an unknown
Psuce,d-inv = ||1j}d_inv|\2 but a known lower bound ay, .. 4w < Psuce,d-inv- We then (mathematically)

define
2
I* =Floor [logy [ ————— | |. (139)
( ’ (ﬁcx/psucc,d-inv>>

If we run Tunable VTAA with [*, our analysis in Section 4.2 then shows that the success amplitude
is at least
V5

] (140)
V5

Our claim is that if [ < [* is sufficiently small, the success amplitude is constant gapped below 2.
Indeed, if [ < [* — 2,

[Tt o) | < 3 [Tl A~ Avfgio)]| < 32 Fruceaine

-2

log (#)
< 3 83\ Voo Prnce iy v/Psuce,d-inv (141

2 1 2v/5
_\/gc\/mgvpsucc,d-mv— 456

Our solution norm estimation algorithm proceeds as follows. We run Tunable VTAA for pre-
merging parameter [ = 1,2,... and perform amplitude estimation with a sufficiently small (yet
constant) accuracy and failure probability ¢;. When iterating through [ = 1,2,..., with high

probability we see the estimated amplitude below T\égc foralll=1,...,* — 2 and amplitude above
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4f

i—\gf for either [ = [* — 1,1*. Supposing the first time we see the amplitude above is at some I,

we consider the value [ + 1. Then, we have

2

10g3 B —
( \/gc\ /Psucc,d-inv

which implies

2
)—lél*§l+1§l*+1§10g3<\/g>+1, (142)
Cy/Psucc,d-inv

12 g < L (143)
3 \/gcx/psucc,d—inv \/>c\/psucc d-inv
Hence, ﬁ is a 3-multiplicative approximation of ,/Psuce,d-inv-
Note that for each fixed I, Tunable VTAA has query complexity
3'Cost (Ap—r41--- Ailtho)) + > 3™ 7H!Cost (4))
j=m—Il+2
m—I+1
=0 [ 3'Cost(0y) + 3 Z 37 log <2m b= ]l) Cost(04) + Z 3M=I137 og(1)Cost(0 )
7=1 j=m—I+2
-0 (3lCost(Ob) + ki 1og(l)cost(0A)) .
(144)

The total query complexity is thus bounded by

(Z 3' log < ) Cost(0y) + Zmz log(1) log ( 5 ) Cost(OA)> (145)

=1

Let us choose the schedule of failure probabilities

1 2
§§=———— o4 =Floor|lo > [*, 146
: (Oél* - l + 3)2 : ( g3 <\/gc\/ apsucc,d—inv > > ( )

By the union bound, the total failure probability is at most

1*

1 1 1 1 s )
— <y < 4= - T x4 147
;(al*—l—|—3)2_lz_;(al*—l+3)2_32+42+ 6 4 (147)

Q=

The query complexity then becomes

r* *
o (Z 3'log (ay- — 1+ 3) Cost(0y) + > _ kllog(l) log (g« — I + 3) Cost(O A))

<1COSt(Ob) + klog? () log log? <1> Cost(OA)> .
vV Opsuce,d-inv v Opsuce,d-inv v/ Epsuce,d-inv

The above analysis assumes that GPE and branch marking can be performed perfectly, and that
a lower bound ap,... 4ine < Psuce,d-inv 18 known a prior. In practice, the output state is ¢q.iny,om with
||wd_im,,bmH2 = Psucc,d-inv,bm, but we would still proceed as above, except we replace all psycc,d-inv
by Psuce,d-inv,bm- As per Proposition 26, we can also convert the given lower bound a, .. < Psuce
into some ap, .. 4invbm < Psuce,d-inv,bm- Consequently, what we actually obtain is a 3-multiplicative
approximation of | /Psucc,d-inv,bm- Invoking Proposition 26 once more, we obtain a constant multi-
plicative approximation of ,/psucc-
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Theorem 1 (Solution norm estimation with optimal initial state preparation). Let A be the coef-
ficient matriz such that A/ay is block encoded by O 4 with normalization factor aa > ||A||. Let |b)

be the initial state prepared by oracle Op. Then the solution norm HA_1|b) , and hence the success

) A7Lb . L
amplitude /Dsyce = %, can be estimated to a constant multiplicative accuracy and success

probability > % with query complexity

(o) < ! Cost(0p) + klog? < ! ) log log? < !

vV Xpsuce vV Xpsuce vV Xpsuce
where cg—1 > HA_1H is a norm upper bound on the inverse matrix, Kk = apa -1 is an upper bound
on the spectral condition number, and oy, < Psuce 5 a lower bound on the success probability.
The algorithm uses a nested amplitude amplification with deterministic schedule Eq. (112) and an
increasing choice of pre-merging parameter | = 1,2, ...

) Cost(OA)> : (149)

5 Solving linear systems

We now consider the quantum linear system problem. In Section 5.1, we show that the problem
can be solved by inverting the input matrix over the discretized inverse state. Combining with
the VTAA algorithm from the previous section, we provide a simplified quantum linear system
algorithm with optimal queries to the initial state preparation and nearly optimal queries to the
coefficient matrix block encoding. We provide a proof of the optimality in Section 5.2.

5.1 Matrix inversion over discretized inverse state

Recall from Section 4 that we can use Tunable VTAA to prepare the following state with accuracy
€ and constant success probability

1 m—1 3k+1 3k
Ck ,l<:+gk7k_1> du),
Wi DRND IR (Ghora 18+ Gl = 1))l
‘ 3k+1’7) 50)
9 9k+1 ) 9k
Psucc,d-inv = Z Z |’Yu‘ ( 7 9 + ’Ck u| > ‘
k=0 .
‘ 3’€+ ?)

This state differsk from the solution state in that the reciprocal of eigenvalues are replaced by the
discrete values g’—m To get the actual solution state, we perform a block-encoded matrix inversion
based on the following gadget.

Lemma 8 (Block encoding inversion [22, Corollary 69]). Let A be a matriz such that A/aa is block

encoded by O 4 with some normalization factor ag > ||Al|. Then the operator

A—l
2aA71

(151)
can be block encoded with accuracy € using

o <,~; log <1)> (152)

queries to the controlled-O4 and its inverse, where aq—1 > HA_1H s a norm upper bound on the
inverse matriz, and kK = a -1 1S an upper bound on the spectral condition number.
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In our case, we apply the block-encoded inversion of the input matrix with accuracy ey,
controlled by the clock register:

m—1 H[3k:—2 71)14 H[3k+27 )
> k)k @ WEE c Ts= ) [dudél. (153)
Z xfes

Here, the clock state |k) )‘f“ €

[3,}” , 3k) thus to fully cover all possible eigenvalues, we perform the block-encoded matrix inversion
over [3k1+2 ,1). This block encoding can be implemented with query complexity O (xlog(1/epi)),
by using the |k) register to control the rotations in the quantum signal processing circuit [37], and
the entire operator has accuracy ey due to its block diagonal structure. With a high probability,
we then transform the state into

m—1
1 1 ag 1 1 ag 1

U U k—1 w|Pu)s
\/mkzo‘ Z 1)<Ck+1 3m2. 3>\ k) + G, 3m 9. 3)\ +— >>’7|¢>
%

1 aa 1]
psucc,blkzz Z 3m 9.3\
u

kO‘

(154)
psucc
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This state can be produced with probability close to unity by another amplitude amplification.
Finally, we uncompute the clock register by reversing the GPE (without performing rotations
|good) — %| good) +4/1 — g—i|bad> or VTAA), obtaining the normalized solution state

2unvulu) _ ATYD) | (155)
>

2 AT
As per Proposition 25, we only need at most constant rounds of amplitude amplifications beyond
the preparation of discretized inverse state by Tunable VTAA. We have thus established the main
algorithm.

Yu

Au

Theorem 2 (Quantum linear system algorithm with optimal initial state preparation). Let A be the
coefficient matriz such that A/aa is block encoded by O with normalization factor aa > ||A||. Let

|b) be the initial state prepared by oracle Oy. Suppose that the solution norm HA*W)) , and hence
. A~Lb . .. .
the success amplitude \/Dsycc = HaiHH, can be estimated to a constant multiplicative accuracy.
A—1
Then the quantum state
A1b)
_ (156)
[A=H[b)]]
can be prepared to accuracy € and success probability > % with query complexity
lo —
1 1 g ( psunr‘)
(0] Cost (Oy) + klog () log| ————% | Cost (O4) |, 157
v/ Psucc ( ) vV Psucc € ( ) ( )

where aq-1 > HA_lH 18 a norm upper bound on the inverse matrix, and kK = s -1 1S an upper
bound on the spectral condition number. The algorithm uses a nested amplitude amplification with

deterministic schedule Eq. (112) and pre-merging parameter | = © (log3 (\/17»

Psuce
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5.2 Lower bound

Now, we prove that our query complexity to the initial state preparation is optimal, by showing
how the quantum search problem [24] can be solved by a linear system algorithm. We note that a
similar lower bound [51] have been previously derived.

Specifically, consider the d-dimensional initial state

Z 1) = lw) |, (158)

JFw

where |w) € {]0),|1),...,|d — 1)} is an arbitrary unknown basis state. This state can be (and only
be) prepared by making 1 query to the Grover oracle with the uniform superposition state. We
can perform an orthogonal decomposition of |b) along the uniform superposition state to get

B = T2+ 2y, (159)

where
1 .
= ﬁ Ej 17)s E %_ d J) + \/ \w (160)

Now, we define the coeflicient matrix

1
A= 7a (L= |+ + [ (161)

Note that A can be block encoded with normalization factor a4 = 1 and zero query to the Grover
oracle. Then the inverse matrix

ATh = VA (T = X)) + [+XH (162)

has spectral norm
A7 = Vd = a,-. (163)

We now invoke the quantum linear system algorithm, obtaining a state within Euclidean dis-
tance €);, to the solution

A~1|b)
' 164
TATR)] (164
Here,
A™1b) —2\/ |— +—\+>
d 2+2\f C2d-1)Vd—d+2 (165)
JFw
which implies
& _—8d+4
At = 2= (166)

a2
So the inverse success amplitude is

A e
W-x/& m_(a(\/&). (167)
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Meanwhile, the absolute value of amplitude of the desired |w) is lower bounded by

2(d—1)vVd+d—2 2(d—1)vd—2
A—l b _-— = - =
’M‘ — €lin = S/ B, €lin = - — €lin
[ A=1[b)] [5d2—8d-+4 bd2-+4
a2 a2
2(d—2)Vd
i _zd-2 (168)
= 5(dr1)2 lin — \/5d+ 1 lin
d2

2 (1 3 ) S 13
=—F=\l=57=) —€n= 7= —€n
B\ d+1) T eys Y

when d > 15. Let us choose .

il 169
= (169)

€lin —

so the probability of outcome |w) is at least

13 1\?
(8\/5_60> > 0.504. (170)

This thus solves the Grover search problem, and we conclude that the query complexity to the
initial state is at least
Q (%1) _of ALY (171)
[ A=H[B)]]

Theorem 3 (Lower bound on initial state queries). For any 0 < p < 1, there exists a linear system
with coefficient matriz A and initial state |b) satisfying

[

HAing = @(p)v (172)

such that

min {g € Z>o ‘ 3 a quantum algorithm V making g queries to Oy,

| "
[1A=1B) ]

(173)

1
HVO 1) sufficiently small} Q <> )

VP

6 Block preconditioning

In this section, we introduce the technique of block preconditioning, and describe its algorithmic
applications. Specifically, we present a simple quantum linear system solver in Section 6.1 with
optimal queries to the coefficient matrix block encoding by choosing the initial state itself as the pre-
conditioner. Combining block preconditioning with our main algorithms Theorem 1 and Theorem 2,
we then show how to reduce the cost of initial state preparation in solving differential equations
(Section 6.2), estimating real eigenvalues of non-normal matrices (Section 6.3), transforming ma-
trices with real spectra and preparing their ground states (Section 6.4). Additionally, we apply
block preconditioning to improve the block encoded version of quantum eigenvalue transformer in
Section 6.5.
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6.1 Quantum linear system solver

Our quantum linear system algorithm in Theorem 2 has an optimal query complexity of the initial
state preparation, and a nearly optimal cost of the coefficient block encoding. We now show that it
is possible to solve a preconditioned quantum linear system problem, producing the same solution
state but making an optimal number of queries to the block encoding oracle.

Specifically, we choose the preconditioner to be the initial state |b) itself and define the scaling

matrix
S = s|b)Xb| + (I — |b)b]), S §|b>(b| + (I —|bXb]), 0<s<1. (174)

Then solving the preconditioned quantum linear system problem would produce the same solution
state because . .
(547" AT (175)
1(SA)~HB)| [[A~HB)]]
We can block encode S with normalization factor 1 using 2 queries to the initial state oracle Oy
through the linear combination

szob<1;3(1—2|o><oy)+ 1?1) of. (176)

This then yields a block encoding of SA/a4 with normalization factor ay same as that of the input
matrix. Meanwhile, the inverse matrix has the norm bound

sy = 4=t = |sa-t e+ 47 o
(177)
IA-1|b) || _ 2 |A- )| 1
<A A-L(T — |b)b <4 — 4+ 1|A
=~ \/ 82 + H ( ‘ >< DH — 82 ||A_1||2 + H ’
whereas the solution norm becomes
[(SA)THB)| = HA o) (178)

Suppose we have a constant multiplicative approximation of the solution norm HA*1|b>H, say

-1
% <Ay || <2t <« HAQWH <t<2[|[A7H) (179)
without loss of generality. Then we choose
t (E ] I I L o e ]
B 20&14—17 4aA 1 <8< Q-1 - ||A 1|| <L (180)

This choice gives the norm bound on the preconditioned inverse matrix

-1 2
I(54)| < \/ A 4 a1 < Voo, (181)
and the preconditioned solution norm
—1
(SA)~1|b) Al = 22 [A~0)] (182)
t
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which implies the success amplitude after block preconditioning

_ s _2flaTtw)] 1
Ve = = S

Thus, by invoking the QSVT-based linear system solver (Lemma 8), we can obtain the solution
state to accuracy € and constant success probability with query complexity

(183)

o <H log (1) Cost(0y) + #log (1) Cost(OA)) . (184)

Moreover, this approach does not require padding the target linear system, and appears to be
conceptually even simpler than the kernel reflection method [19] which in turn simplifies the discrete
adiabatic method [18].

Theorem 4 (Quantum linear system algorithm with optimal coefficient block encoding). Let A be
the coefficient matriz such that A/aa is block encoded by O4 with normalization factor aa > || Al
Let |b) be the initial state prepared by oracle Oy. Suppose that the solution norm HAil |b) H, and hence

. A~
the success amplitude \/Dsycc = w
Then the quantum state

, can be estimated to a constant multiplicative accuracy.

A~1]b)
AT (185)

can be prepared to accuracy € and success probability > % with query complexity

) <,< log C) Cost(0y) + rlog C) Cost(OA)> , (186)

where ap-1 > HA*1H 18 a norm upper bound on the inverse matriz, and K = g0 -1 1S an
upper bound on the spectral condition number. The algorithm solves a preconditioned linear system
specified by the scaling operator Eq. (174) and parameter Eq. (179) and Eq. (180).

6.2 Quantum differential equation solver

Differential equations arise naturally in a broad range of scientific disciplines including engineering,
physics, economics, and biology. However, classical differential equation solvers can struggle to
handle problems of large dimensions, which motivates the development of quantum algorithms. To
be concrete, consider the system of first-order linear differential equations

d
am(t) = Ax(t), z(0) = b, (187)
whose solution is given formally by
z(t) = . (188)

Here, we assume the coefficient matrix A/ay4 is block encoded by O4 with normalization factor
a > ||A]| and the initial state |b) is prepared through the oracle Oy.

Many previous quantum differential equation algorithms proceed by recasting the problem as
solving a system of linear equations, and then solve the recast problem using a quantum linear
system solver. However, such algorithms have query complexity of O, comparable to that of O4,
and are thus inefficient when preparing initial states incurs a substantial cost. We show that the
cost of initial state preparation can be lowered using our Theorem 2 and block preconditioning,
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nearly matching or outperforming the performance of alternative solvers for differential equations,
and attaining the query complexity lower bound established in [20]. For illustration purposes, we
focus on the differential equation solvers implementing the truncated Taylor series [9], although
similar improvements can be achieved for other linear-system-based solvers.

In this algorithm, the coefficient matrix is given by

A
Ok (M)

n—1 k

Z_: Z| (k+1)+)ik+1)+j|®@I— Z| k:+1)+g><(k+1)+g—1|®AA

=0 \j=0 Jj=1

n—1 k (189)
ZZ\Hl (k+D)i(k+1)+4] @1

=0 j=

+ D In(k+ 1) +4)nk+1) + 4@ =) |n(k+ 1)+ j)nk+ 1) +j -1 |,
j=0 J=1

whereas the initial state is |0)|b). Here, the parameter n denotes the total number of time steps in
the algorithm, k& denotes the Taylor truncate order of the evolution operator within each step, p
refers to the additional padding steps required to boost the success probability, with the successful
outcomes labeled by n(k +1),...,n(k+ 1) +p. We set p = n = O(aat). Then after running the
quantum linear system solver and measuring the ancilla register of the output state, we get the
outcomes n(k +1),...,n(k+ 1) + p with probability at least

€410}
Q 190
(maxoygt e8] ) (120)

which can then be boosted to unity by amplitude amplification. The resulting state has error
at most O (O“At), which implies the choice of £ = O (log ( C‘At)) to achieve a target accuracy e.
Meanwhile, the coefficient matrix satisfies

Jewsn ()| =008 ek (5)] =0 (sl vin) . o

With the quantum linear system solver [18], this method has a query complexity of

maxo<r<t [l [b) | TA aat maxo<-<¢ [|e™[b)
o ( 20 [ax, l|le™|| cvat log (e) log EZDIE (Cost (0Op) + Cost (04)) | -
(192)

The state-of-the-art result [8, 32] has a slightly better query complexity of Oy by shaving off the
logarithmic factor log (O‘At).

To improve over this result, we perform the following block preconditioning. We choose the
preconditioner based on the initial ancilla state Il.ong = |0)0| ® I and set the scaling parameter
s = \/%, defining the scaling operator

1 ) v )
S = M|O)<O|®I+(I |0)0]) ® I, ST = \/k7|0)<0!®1+(l |0)0]) @ I. (193)
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Note in particular that our preconditioner depends only on the ancilla state, and can be imple-
mented without querying the oracle Op. This block preconditioning increases the solution norm of
quantum linear system algorithm to
A
-1
ko () .

|(5Curs (2)) 0] = 5 et (35) | = vim

while the norm of the inverse matrix remains asymptotically unaffected

(5o (2))

(194)

2

o @) el ey (43

52 kP \ oy

195
=0 (\ﬁf max HeTAH + max HeTAH fn) (195)

<r<t 0<r<t

0 (max e m) .

0<r<t

Suppose that the norm of solution state of the quantum linear system solver can be estimated
to a constant multiplicative accuracy. Then, the query complexity of the initial state preparation
is bounded by

max0<T<tHeTAH\//5n FH nkp( >|0 1) H (maXOSTﬁtueTAH)
Vi |k, (& )\0>\b>H VEny/m|et4]b)| “O\ T e ) 1

We have thus obtained:

(0]

Theorem 5 (Quantum differential equation solver with optimal initial state preparation). Let A
be a matriz such that A/aya is block encoded by O4 with normalization factor aa > ||All. Let |b)
be the initial state prepared by oracle Oy. Then the quantum state

tA
e"[b)
(197)
let4[b)]]
can be prepared to accuracy € and success probability > % with query complexity
Q
O —=2 Cost (O)
Qlexp,b
198
Qexp,b,max Qexp log (OZ?:;Pb ) aat ( )
+ ———expaatlog | —— | log | ——= | log [ — ] Cost (04) |,
Alexp,b Qlexp,b € €
where Oexp > Maxo<r<t He H is an upper bound on norm of the evolution operator, Ctexp b max =

maxo<r<t He 4|p) H is a norm upper bound on solution state of the differential equation, and cexpp <
HetA|b H is a lower bound on norm of the solution state.

Remark. The query complexity quoted above follows from Theorem 2, assuming that a constant
multiplicative estimate of the solution norm is available for the linear system problem. Without

this assumption, we can obtain such an estimate using Theorem 1, with the complexity of initial

state preparation O (ﬁ) remaining the same. When acxp = O(1) as is commonly assumed by
exp

recent work on differential equations [4, 8, 32], our complexity of initial state preparation matches

the lower bound of [20, Theorem 10].
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6.3 Quantum eigenvalue estimator

The efficient solution of the eigenvalue estimation problem underlies the quantum speedups for
factoring integers [50] and elucidating chemical reactions [33, 57]. Here, an initial state [¢) close
to an eigenvector of the input matrix A is given, and the goal is to estimate the corresponding
eigenvalue. If A is Hermitian, this can be solved using the quantum singular value estimation
algorithm with optimal query complexity [12, 22, 30]. However, the problem becomes considerably
more difficult when A is a nonnormal matrix, relevant for applications in simulating transcorrelated
quantum chemistry [42] and non-Hermitian physics [6, 7].

For presentational purposes, we assume A = SAS™! is diagonalizable with real spectra, and
A/ is block encoded by O 4 with normalization factor ay > || A||. Suppose that oracle Oy|0) = |1))
prepares an initial state close to an eigenstate |1;) such that A|y;) = Aj[¢;). Then recent work
provides a linear-system-based quantum algorithm that estimates A; [39, Theorem 3] to accuracy
€ and success probability > %, with query complexity

0 (O‘A:S (Cost (O4) + Cost (o¢))) , (199)
where kg > ||S|| HS -1 H is an upper bound on the spectral condition number of the basis transforma-
tion. This improves over previous results [47, 48] based on differential equation solvers. A related
result is obtained in [39, Theorem 12] for eigenvalue estimation on the unit circle, which is more
recently generalized by [1]. In terms of the query complexity of O4, the complexity quoted above
exactly matches the Heisenberg scaling [23, 61] and is provably optimal for eigenvalue estimation.
However, the algorithm uses the same number of queries to the initial state, which underperforms
alternative methods [60] in this regard.

In the algorithm of [39], the eigenvalue estimation problem is solved by generating a Chebyshev
history state, which is in turn realized by solving a linear system. Specifically, we introduce

Pad(A) [A” 0 ]

A Age
r 7 0 010 7
24 g :
[e Y ‘
I =24 : 1
ap |
0 =4 . (200)
p— ." O : 3
0 0 % I 0
S0 e e 0 0 —I'I1 0 -
0 0 0 '—I I

where Ai1 is n-by-n and Ass is nn-by-nn for some nonnegative integers n and n. The inverse of
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this matrix is

[ Ug (%) 0 0 3 0 ]
ui () () |
: ' : 0 ioi
Pad(4) = Uy (&) - Ui(A) Up(&) 10 - o], (201)
U (&) UL (&) Uold) i1 oo o
G w() w(E)

with U; Chebyshev polynomials of the second kind. Here, the coefficent matrix and its inverse
have norm bounds

|Pad(A)| < 4, |[Pad™"(A)|| = O(nksg). (202)

For the eigenvalue estimation problem, we choose the initial state %W)) and let » = 0. Then
the solution state becomes

Pad(4) 22 ) X, DT () )
Jradinr 810~ [t (&) w]

(203)

with T, rescaled Chebyshev polynomials of the second kind. As long as this state is produced with
constant accuracy and n = © (O‘?“), we can estimate the eigenvalue to accuracy €. This gives the
query complexity claimed above.

We can improve the cost of initial state preparation using block preconditioning. Specifically,
we choose Il .ong = 19-12) (01— ®I, s= and define the scaling operator

Vzov2 7

L0 -0 10— 20—

=i v N ®”<I NRE )W’ o0
L -2 2 02 0] @
VST ®”<I VR >®I'

Note again that our preconditioner depends only on the ancilla state, and can be implemented
without consuming queries to Oy. After block preconditioning, the solution norm is increased
to [39, Lemma 17]

|(spaata = )| - vi[paatn ) 0 <\/ﬁ

V2

V2

Sn (4 w>'|>

=0

—o(vm ZTl(A) o).

(205)
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while the norm upper bound on the inverse matrix remains asymptotically unchanged:

HPad—l(A)M ®IH2

H(spad(A))—lH <

n—1
o (W;

Theorem 6 (Quantum eigenvalue estimator with improved initial state preparation). Let A =
SAS™! be a diagonalizable matriz with real spectra and upper bound rg > ||S|| ||S™|| on the condi-
tion number, such that A/ is block encoded by O 4 with normalization factor ag > || Al|. Suppose

s? (206)

Invoking Theorem 2, we have:

that oracle Oy|0) = |¢) prepares an initial state within distance |||¢) — |v;)|| = O <é) to an

eigenstate such that Al;) = Xj|v;). Then Aj can be estimate to accuracy € and success probability
> % with query complexity

o) (KSCost (0y) + 2455 10g (15) log log (115) Cost (O A)) . (207)

Remark. The query complexity quoted above follows from Theorem 2 assuming a constant multi-
plicative approximation of the solution norm is available. Without this prior knowledge, one can
use Theorem 1 to get such an estimate with the same cost of initial state preparation, while the
cost of block encoding remains the Heisenberg-limited scaling [23, 61].

When A is Hermitian, kg = 1. In this case, we only need a constant number of queries to the
initial state oracle and a constant overlap with the target eigenstate. Our result then recovers the
performance of standard quantum phase estimation. For estimating real eigenvalues, the above
result outperforms the one reported in [60]. Note that the approach of [60] works by implementing
projections onto Ker(A — ul) with different shifting values p, assuming oracular queries to initial
states that are p-dependent. This input model appears to be quite different from ours.

6.4 Quantum eigenvalue transformer and ground state preparator

We obtain an analogous improvement for the quantum eigenvalue transformation of nonnormal
matrices. For a diagonalizable input matrix block enocded as A/a4 with normalization factor
a4 > ||Al|, this means performing a polynomial transformation on the eigenvalues

A A A A
— =8—S"1tp <> =Sp <> S, (208)
A (oY) oA oA

applied to an initial state |¢)). This covers the special case where A is Hermitian, which is relevant
for applications including Hamiltonian simulation [38], ground state [34] and thermal state prepa-
ration [22]. More generally, efficient algorithms for the eigenvalue transformation of nonnormal
matrices can be applied to solve differential equations and prepare ground states of non-Hermitian
matrices with real spectra.

A linear-system-based quantum algorithm was recently developed to transform eigenvalues of
nonnormal matrices [39]. For a diagonalizable input matrix A = SAS™! with only real eigenvalues,
the previous method has query complexity

1Pl e [ 2.,2] Hsn 1Pl e [ 3,17 fiss Log (1)

el =\ G T

log (n) (Cost (O4) + Cost (Oy)) | , (209)
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where € is the accuracy of the output state, kg is the condition number of the basis transformation,

p is the target polynomial with norm [|p|| . [-1.4] = max,[ 11 |p(x)| and n—1 is its degree. This
272

is achieved by inverting the coefficient matrix Pad ™" (A) 1ntroduced in the previous subsection with
n = 1, which has the norm bounds [Pad(A)| < 4 and ||Pad™'(A4)|| = O(nks) same as before. For
the eigenvalue transformation problem, supposing that the target polynomial is represented under
the (rescaled) Chebyshev basis as p(z) = Z?:_& B;T;(x), we choose the initial state |0)|5)[1)) where

n—1 n—1
|@=%Z;@4mgm»wx &f=Z;@—@m%4WM@$Mm%@,mm

where [[p(cos) sinlly |, - = \/ffﬂ df |p(cosf)sinf|?. Applying the quantum linear system solver
then produces the Chebyshev history state

0) X210 10 i mn o BT () 1) + 1) 0t 1) 005 BT () 1)
RS AT () 0] o5t ()

(211)

Here, the component flagged by the ancilla state |1) is desired, and the success amplitude is at least

S b@e] -

||pHmaX7[,%’%} kslog(n)

This can be boosted close to 1 by amplitude amplification, leading to the query complexity cited
above. Note that compared to [39], we have changed the domain from [—1,1] to [—3, 3] which is
without loss of generality by rescaling the input block encoding.

Once again, we can improve the query complexity of the initial state preparation using block

Hp”max’[,%,%]

preconditioning. To this end, we choose Il.onq = [BXS| R 1, s = —Vhan and define the scaling
B

operator

1P e [ 2,11
S = fn—%\o,ﬂxoﬁl ® I+ (I —10,8X0,8) @1

e |mfmiqu X0, Bl & 1+ (I = 10, BX0, Bl) @ 1

27

(213)

Recall that in order for this to be a valid block preconditioning, S must be invertible which further
requires 0 < s < 1. This is confirmed by the following lemma.

Lemma 9. Let p(z) be a polynomial with the expansion p(x) = Z?;& @Tj (x) into rescaled Cheby-
shev polynomials of the first kind. It holds

1P

11
2°2

n—1
] <Vn > 1Bk = Brgal*. (214)
k=0
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Proof. Extending the definition of coefficients by setting En = Enﬂ = ... =0, we have

v) = Z ATy = 2 Uil = Yia®) L 5%, (@) + BoFo(a)

2

Z Bi+2Uj(x) + AT () + BoTo(x)

Il
DO | =
'M8

j:2

0o (215)
%Z (ﬂg §j+2> Uj(z) - 551U1($) - %goUo(m) + BT () + BoTo()

7=0
1 1
=2 jZO (B = Bie2) Us@) = 5 Z::o (B = Bivz) Uj(a).

Now by the Cauchy-Schwarz inequality,
1 n—1 " _
<3 ZUJ2 > 1Bk — Bryal® (216)
k=0

We now claim that Z?_ol Uz(x) < gn + 1 for —% <z< % To this end, let us introduce the
angular variable ¢ = 5- arccos(z) and consider

n—1 . 9 . n .
9 9 B sin“(27(j +1)¢) 1 1 — cos(4mjo)
Una @44 Us (@) = jgo sin?(2m¢)  sin?(279) J; 2
1 n 1 = drjo —idmjp (217)
- sin?(27¢) 2 4 Z (6 te )

J

1 | <n 18111(227”1@008((7@— 1)27rd>)>-

T sin2(2ro) \2 2 sin(27)
By our assumption, § < sin(27w¢) < 1 and hence
4
Z—\fgui1(m)+--.+Ug<x)§3<;’+‘f). (218)

O]

Similar as before, our preconditioner is defined by the initial ancilla state, and its implementation
uses no query to Oy. After block preconditioning, the solution norm becomes

\/ﬁa

|(sPad(4)~" j0)18)[) | = W [Pad = (4)[0)8) ) (219)
max 3 5
whereas the upper bound on the norm of inverse matrix is asymptotically:
2
Pad~! I
| (sPad(a) | < \/H 2 B el + |Pad~"(4)
n—1 73 m A
\/ﬁa~ \/ﬁmaxl Ek:l ﬂka_l o (220)
o[y vs|mmAT )]
1Pl e [~ 2,11 ag
= O (nkglog(n)).
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This is larger by a factor of log(n) in the worst case, but one can potentially remove this logarithmic
factor when running the algorithm over an average input.

Suppose that the norm of solution state from the quantum linear system solver (Theorem 2)
can be estimated to a constant multiplicative accuracy. Then the query complexity of the initial
state oracle is bounded by

__Vnes -1
o nrglog(n) T [ 3-4] [Pad ™! (4)[0)[8)]¢)||
noy B N T
m\\Pad L(A)[0)[8) )] m@ p(%) |¢>H oo1)

We thus obtain:

Theorem 7 (Quantum eigenvalue transformer with improved initial state preparation). Let A =
SAS™! be a diagonalizable matriz with real spectra and upper bound kg > ||S||||S™Y| on the con-
dition number, such that A/aa is block encoded by Oa with normalization factor aa > ||Al|. Let
0y|0) = [¢)) be the oracle preparing the initial state, and p(z) = S p—y B Tr(z) = Zz;é BrTr(x)
be the Chebyshev expansion of a degree-(n — 1) polynomial p. Then, the quantum state

p (%) |¥)

T 7 Ay (222)
| () ]
can be prepared with accuracy € and success probability > % with query complexity
[Pl s, (- 1,11 %5 log (n)
(0] 7203) Cost (Oy)
Qp,3p
NPl o, (— 1, 1775 log(n)
2 log =22
1Pl 1.2, A30108 (1) (]l 1.1, 5 log(n) ( )
+ 22 log 212 log Cost (04) |,
Qp, Qp o)y €
(223)

where oy, < Hp <%> ]1/J>H is a norm lower bound on the transformed state.

As an immediate application, we also obtain an improved quantum algorithm for ground state
preparation. In the case where the input operator is a Hermitian Hamiltonian, this problem has
been extensively studied by previous work [21, 43], and can be solved near optimally on a quantum
computer [34]. Here, we consider the general case where inputs are non-normal matrices with
real eigenvalues whose ground states are still well defined, which are relevant to applications in
non-Hermitian physics and transcorrelated quantum chemistry. Specifically, let A = SAS™! be a
diagonalizable matrix with only real eigenvalues and an upper bound kg on the condition number
of its basis transformation, such that A/« 4 is block encoded by oracle O 4 with normalization factor
a4. Suppose that Ag is the smallest eigenvalue of A with the corresponding eigenstate |¢)y), which
is separated from the next eigenvalue A;:

dA 0A

)\0§—3<0<7§)\1 (224)
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for some spectral gap d4 > 0. Then our goal is to prepare a quantum state that e-approximates the
ground state |1g) up to a global phase, given an initial state 1)) = ~yg|1g) + Zfz_ll Yi|1) prepared
by oracle O.

The best previous quantum ground state preparation algorithm proceeds by implementing a

degree
QA KS
n=0(—lo . 225
<5A : <|’Yo!€>> (225)

polynomial using quantum eigenvalue transformer [39, Theorem 8], which leads to the query com-
plexity

L%‘LA oo? [ 8 os os
(1 106" (13 ) (om0 + Cost 00))). (226)

Using block preconditioning and our quantum linear system solver with optimal initial state prepa-
ration, we improve this to:

Theorem 8 (Quantum ground state preparator with improved initial state preparation). Let
A = SAS™! be a diagonalizable matriz with real spectra and upper bound kg > ||S|| HS‘IH on
the condition number, such that A/a4 is block encoded by O 4 with normalization factor a s > || Al
Let eigenvalues of A be ordered nondecreasingly, with A\g the smallest one corresponding to eigenstate
[1o), satisfying the condition

5 5
Aog—§<0<§‘sxl (227)

or some spectral gap 64 > 0. Let Oy]0) = be the oracle preparing the initial state with the
¥
etgenbasis expansion

-1
[9) = olvo) + D yil)- (228)
=1

Then, the ground state |1g) can be produced with accuracy €, success probability > % and global
phase factor o/ ||, with query complexity

2

kg aa Kg K oq oA Kg
O —log|—=—1o Cost (Oy,) + —=— polylo <lo ( >)Cost o) .
<wo\ o (52 108 () ) Comt 00+ 55 vt (5 s (15 (O
(229)

6.5 Block encoded quantum eigenvalue transformer

We report another improvement to the block-encoding version of the quantum eigenvalue trans-
formation algorithm. This is similar to the application from the previous subsection, except we
construct the block encoding of the transformed matrix, rather than applying it to an initial state,
making it more versatile when quantum eigenvalue transformation is used as a subroutine in con-
structing other quantum algorithms.

Specifically, we set = 1 and use Lemma 8 to construct a block encoding of

Pad (4
¥ (230)
20pag-1(a)

with a normalization factor ap,,-14, = O (nkg). Together with the preparation of initial state

|0)|3) and unpreparation of ]1)% Ez;é |k) where |3) is given by Eq. (210), we obtain the block
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encoding

n—1 -1 A
<<1!1 (k| ®I> Pad' (4) \ovisy o 1) = (i) (231)

\/ﬁ k=0 2aPad*1(A) Op pre

with

Qpaqa)—1¢
Qp,pre = Tﬁ =0 (ﬁ’%‘%}) 5 (232)

Therefore, we have block encoded the target polynomial but with a larger normalization factor. In
prior art [39], further amplification is performed to reduce the normalization factor, giving

(i)

—— . (233)
2 ()]
The overall query complexity is then
. 3 .
[p(cos) sinlly | - n2 K% [p(cos) sinlly |_r - Vks 1
" og " og | - (234)
I (2)] I ()] 6

We improve this block encoding cost using the block preconditioning technique. Specifically,
we define the scaling operator

_ WPl 3.4
\/ﬁag
-1 _ \/ﬁag
1P| e [ -

(235)

same as in the previous subsection. Recall that this does not increase the asymptotic scaling of the
condition number. However, the block encoding now becomes

n—1 -1 -1 - A A
1 Pad'(4)S Vna Pla r(a
<<”Z<’“’®I>2()<\o>m>®f>: s o) o),
n k=0 Opaa—1(a) Hp”max,[f%,%] Qp pre Qp cond
for
O (vn LT 237
o = O | Viiwsag— 7Lt | = (1Pl 1.2 55 ) - (237)

So the query complexity to the block encoding is improved from O(n!?®) to O(n).

Theorem 9 (Block encoded quantum eigenvalue transformer with linear degree cost). Let A =
SAS™! be a diagonalizable matriz with real spectra and upper bound kg > ||S||||S™| on the con-
dition number, such that A/aa is block encoded by Oa with normalization factor aa > ||Al|. Let
p(z) = ZZ;& BrTr(x) = EZ;& Bk Tr(x) be the Chebyshev expansion of a degree-(n — 1) polynomial

p. Then for any oy > Hp (%)

‘ , the operator

(238)



can be block encoded with accuracy € using

1P/ e - 1 17 S 1P/ o [—1 17 KS 1
O ( ’[ 2’2] log ’[ 2’2] log () (239)
Oép OépE €

queries to O4.

7 Discussion

In this work, we have developed a quantum linear system algorithm that achieves an optimal
query complexity of the initial state preparation, while maintaining a nearly optimal cost scaling
of the coefficient block encoding. This outperforms recent linear system solvers that make optimal
uses of one resource, but far too many queries to the other. Our algorithm employs a nested
amplitude amplification with a deterministic amplification schedule, which substantially simplifies
prior approaches based on VTAA while improving their asymptotic query complexity. We also
present a quantum algorithm that produces a constant multiplicative approximation of norm of the
solution state, again using optimal number of queries to the initial state oracle, improving over all
previous approaches where finding such an estimate incurs polylogarithmic overhead.

Our state preparation cost scales strictly linear in the inverse success amplitude O ( ﬁ)

We further develop a block preconditioning technique that boosts psucc for practical applications of
quantum linear system solvers. As a result, we obtain quantum algorithms for solving differential
equations, for preparing ground states of non-Hermitian operators, and for processing eigenvalues
of non-normal matrices, all with reduced query complexity of the initial state preparation, nearly
matching or outperforming alternative methods for the same tasks. Of independent interest, our
block preconditioning technique also allows for the improvement of other scaling parameters. We
present an extremely simple quantum linear system solver with an optimal block encoding cost by
choosing the initial state as the preconditioner. We also give a preconditioned quantum eigenvalue
transformer that implements a degree-n polynomial using O(n) queries to the block encoding oracle,
whereas the best prior scaling was O(n!?).

We have examined variable time amplitude amplifications with tunable threshold values that
capture the power of generic nested amplitude amplifications. We have shown that Tunable VTAA

makes O queries to the initial state matching the performance of standard amplitude

1
\Y4 pSuCC
amplification, while only contains at most O <log ( @)) nontrivial amplification stages allowing

majority of the algorithms to be pre-merged. Specialized to the quantum linear system problem,
we have designed a discretized inverse state which can be prepared by Tunable VTAA with a
complexity scaling with £o-norm of the input costs. We show that this scheme translates naturally
to a deterministic amplification schedule, avoiding the significant setup overhead of prior VTAA
approaches. However, we prove that one can in principle optimize the amplification thresholds
so that the cost of Tunable VTAA attains £2-quasinorm of the input costs. This improves over
the ¢1-norm result of Ambainis and the morgé commonly used fo-norm result. With more prior
knowledge about the target linear system, this result can be utilized to further improve the query
complexity of quantum solvers. For instance, consider the coefficient matrix

1
3

1
A= o (240)
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and initial state |b) = |m — [ — 1), such that A|b) = 1-|b). Here A can be block encoded

3m—I
with normalization factor a4 = 1, whereas HA_1H < 3™ = ay-1 = k. Meanwhile, we have
-1
1y || — am _ Azl _ : : ;
HA |b) H =3""" 80 /Psuce = e T Choosing a non-uniform schedule of GPE accuracies
€gpe,j = gm—grz for j=m —1+1,...,m and €gpe,j = 5m=i—5+= for j = 1,...,m — [, one can attain

the improved query complexity O ( @Cost(Ob) + rlog (1) Cost (O A))- It would be interesting

to identify more algorithmic applications where the £2-quasinorm can be tightly bounded without
introducing additional scaling factors. ’

Related to the above discussion, an obvious open question is whether it is possible for a quantum
linear system algorithm to achieve the query complexity

0 < plsucccost(o,,) + klog (1) Cost (oA)> (241)
for a generic linear system problem. From an algorithmic perspective, our Tunable VTAA matches
the above query scaling of O and, theoretically, the cost of O4 scales strictly linear with the £2-
quasinorm of input costs, although upper bounding it in terms of x without logarithmic overhe&id
can be difficult in general. On the other hand, there may also be room to further improve the lower
bound when one considers the oracles Op and O 4 simultaneously.

We have mainly focused on applications of quantum linear system solvers where the target
outputs are quantum states or block encoded operators. In this case, we have introduced a scaling
matrix such that, when it is inverted from the right side of coefficient matrix, the success amplitude
can be boosted up and complexity of the algorithm can be reduced. However, there also exist
other linear-system related problems such as computing Green’s functions, where the goal is to
estimate the expectation value of an observable. We leave it as a subject for future work to explore
whether algorithms for such problems can be improved by implementing generalized versions of
block preconditioning on both sides of the coefficient matrix.

A number of other questions call for more investigations. Our preconditioned quantum linear
system algorithm has an optimal query complexity of block encoding and appears to be conceptually
simpler than recent optimal methods based on the discrete adiabatic evolution and kernel reflection.
It may be fruitful to assess the resources required to implement this algorithm, for both near-term
and fault-tolerant quantum devices. It is also possible to improve the constant prefactor of the
complexity of VTAA: for instance, one may use the trigonometric identity ;?1513(?) =1- %sin2(9)
as opposed to its bounds when the amplification step number is exactly 3, or one may replace the
first m — [ stages of GPE by a single GPE covering a larger interval of eigenvalues (although this
modification could significantly increase the success probability and result in over amplification).
Our solution norm estimation algorithm maintains the optimal scaling of query cost of Oy, but
introduces additional logarithmic factors to the complexity of O4, which may be improved by
solving an augmented linear system similar to [19]. Finally, it would be of interest to explore other
algorithmic applications of quantum linear system solvers beyond those studied here.
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A Axiomatic definition of variable time amplification

In this appendix, we collect mathematical results useful for formulating the axiomatic definition of
variable time amplification in Section 2.2. We assume throughout this appendix that an underlying
Hilbert space is fixed, on which all operators act. We denote the complementary operator of X by

X=I-X.
A.1 Clock projections

Lemma 10 (Partially ordered projections). Let 113 = II; = H]; and 113 = Tl = H; be orthogonal
projections. The following statements are all equivalent:

1. Im(II;) C Im(Ily).

2. (a) Il = 11;.
(b) 1L, = I1;.
(c) (I —I1;)? = Iy — Iy 4s an orthogonal projection.
(d) TLIILII, = I1,.

3. (a) I} <1ly as Hermitian operators.

(0) ITaf)]l < [[|p)|| for all states [¢).

Proof. We begin with the equivalence of 3(a) and 3(b) which follows from a direct verification:

L) < [Maly)]| & [ < [M))> < (@IIL]e) < (Y[IH]v)

(242)
& @WhLy) < @kly) < 1L <Ih.
The equivalence of 2(a) and 2(b) is also immediate:
I =ILIL, < I =(ILI) =1n < I, =L (243)
Assuming 2(b) (and hence 2(a)) holds, 2(c) follows from the calculation
(Il — I1;)? = 12 + 112 — I 101, — TIoM0; = Iy 4+ I0; — I, — 11, = 11, — II;. (244)
Now if 2(c) is true, we have
Iy + 1Ty — L1, — oIl = (Il — I1;)* = I, — 1T (245)
& 2II) = IL1ls + 1111y, = II; = IL111L104,
where in the last step we perform II; on both sides of the operators. This proves 2(d).
The implication 2(d) = 2(a) can be established by a trace argument. Note that
Tr (I — Iy)IT;) = Tr (I, — I,10) = Tr (II; — ILILIL) = 0, (246)

where the second equality follows from cyclic property of the trace function. Since I — Iy and Iy
are both positive semidefinite, this necessarily means that (I — II3)II; = 0 which is equivalent to
2(a).

Suppose that Im(II;) € Im(Ilz). For any state |¢), we have II1[¢) € Im(II;) C Im(Ily), which
gives IlpIl;|¢) = II1]¢p) and thus II; = IIoI1;. This shows 1 = 2(a). The implication 2(c) = 3(a)
is trivial. Finally, assume that 3(b) is true. For any [¢)) € Ker(Ily), we have 0 < ||II1|¢)| <
| II2|9) || = 0, which forces ||II;|¢)|| = 0 and hence IT; [¢)) = 0. This means Ker(Ilz) C Ker(II;),
which is equivalent to Claim 1 after taking the orthogonal complement. O
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The above list can be expanded to include other equivalent characterizations, but this is not
needed for our work. See [29, Section 2.5] and [31, Section 9.6] for further discussions about the
partial ordering of orthogonal projections.

Proposition 11. Let {Hj};“:o be orthogonal projections partially ordered as 0 =1y <1} < --- <
1L, = I. Then, we have I =Tlg >} > --- >1I,, =0 and

Hj:HkHJ:H]Hk, EZH]Hk:HkHJ, Ogjgk‘fm, (247)

whereas 11}, — I1; are all orthogonal projections.

A.2 Flag projections

Proposition 12. Let {Hj}gnzo be orthogonal projections partially ordered as 0 =1Ip <II; < --- <
IL,, = 1. Let Il be an orthogonal projection commuting with all I1;: 1I,I1; = I1;11; for j =0,...,m.
Then, the following two resolutions of identity hold
m E—
I= Z (H] — Hj—l) = IIp + I, (248)
j=1

where all {TL; —TT; 1 }7; and {TIy, I} are orthogonal projections and pairwise commute. Moreover,
we have

0 = Ilplly < TILIT, < - -+ < IL, I = 11, I =TIl > L, > - -+ > 1L, I, = 11, (249)

with

I, = T, - TLTT, = TG0, - TG00, TG00, = IGI0, - T, = T, - TG00, 0<j <k <m.
(250)

The above proposition shows that the two sets of orthogonal projections {II; — Hj_l}gnzl and
{Ily, I — I} are complete and pairwise commute, so they can be simultaneously measured in a
quantum computation. We tabulate the meaning of different outcomes from such a simultaneous
measurement in Table 3. Note that logical operations correspond directly to arithmetics of the
orthogonal projections. For instance, the statement “the algorithm does not fail at stage j” is
logically equivalent to “the algorithm succeeds before or at stage j, or it is still running”, which
can be represented in terms of operators as

LI, = 1 — I, = TL;(1 — 1) + (I — 11;) = TI,10, + 11, (251)

A.3 Input algorithms

Lemma 13 (Controlled unitaries). Let UTU = UU' = I be a unitary operator and 112 = 11 = TI
be an orthogonal projection. The following statements are all equivalent:

1. (a) U =TI
(b) IU =11.
(c) IUTI =11.

2. U=T+ (I-IU( —TI).
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Projection Meaning of the image space
IT; Algorithm stops before or at stage j
11,11, Algorithm succeeds before or at stage j
11,11, Algorithm fails before or at stage j
IT; — 11,4 Algorithm stops exactly at stage j

(I; —II;_1)II, | Algorithm succeeds exactly at stage j
(IT; — &_1) 11, Algorithm fails exactly at stage j

I1; Algorithm is still running at stage j
11,11, Algorithm does not succeed at stage j
11,11, Algorithm does not fail at stage j

Table 3: Orthogonal projections and meaning of their image spaces in the description of variable time

algorithms.

Proof. We start with the equivalence 1(a) < 1(b) which follows from a direct verification

Ull=1I <«

nmut=mn < 11=IU.

Now assuming either 1(a) or 1(b), proving 1(c) is trivial.

The implication 1(c) = 1(a) can be established by a trace argument. Note that

Tr (H(U ~-Dhw - I)H) = Tr <H (21 —U- UT> H> = Tr (QH — TIUTI — (HUH)T>

= Tr (21— 11— 1I) = 0.

This means that (U — I)II = 0, which is equivalent to 1(a).

Finally, if 1(a) (hence also 1(b) and 1(c)

) is true,

U=+ (I-T1)U I+ (I 1))

= TIUTL + TIU (1 — T0) +

=+ —I) + (I — IDI 4 (I — UL + (I — MU (I — II)

=1+ (I -UI -1I),

which proves Claim 2. The reverse direction follows from a direct calculation.

Proposition 14. Let {Hj}gnzo be orthogonal projections partially ordered as 0 = Iy < 1I; <
IL,, = I. Let Il be an orthogonal projection commuting with all 11;: IL,11; = II;IL, for j =0, ..
Let Aj be unitaries such that A;Il;_y =11,y forallj =1,...,m, and Ay = I. Then,

(I —T)UM + (I — U1 — 1I)

AjHl =1II; = HlAj, AjHle = HleAj,

AIL =10 = IL A, A1, = TLIT, Ay,

Moreover, for any quantum state |¢),

[T I0 ) || = || T Ay - -

and for any state |1)),

1= Taffo)] 2 s 2 - > [Taads - ufin) | = [T,
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Proof. We will only prove A;II; = II; = I;A; and A;ILII, = ILII,A; as verifications of other
operator identities proceed in a similar way. They follow from

AT = AL 10 = T 410 = 11 = 110 = IGIT; 1 Ay = 1L A; (258)
and
A, = Aj(1 — ILIL) = Aj — INIL, = Aj — ILIL = (1 — IIL) Aj = IGIL,A;. (259)
The norm identity then follows directly as
[T [0) || = [| Ak - - Ay IGIL ) || = [T AL - - Aja|9) | - (260)
Using the above identity, the claim about monotonicity is established:

[T A; - A ftpo) || = ([T T Apy - -~ Avfbo) |

e - (261)
> T I Ay - - - Axtho) || = || 1 e A - - - Axfbo)| -

A.4 Amplified algorithms

Proposition 15. Let {Hj}gnzo be orthogonal projections partially ordered as 0 =1lp <1} < --- <
IL,, = I. LetIly be an orthogonal projection commuting with all 11;: ILI1; = II;IL, for j = 0,...,m.
Let A; be unitaries such that A;11;_1 =11;_1 for all j = 1,...,m, and Ay = I. Finally, let A; be

@%Mﬁ = @Ajgjflww or all j =1 m. and Ay = I. Then. for
T A o)~ A, A, o] 107 @0 = 1oeem, 0o=1. f

any quantum state |1y),

unitaries such that

I, Ay - - Aj1 Ajlbo) _ III Ay, - Apy1 A tho)
HHkHbAk - Ajr1Ajlo) H HHkHbAk: e Al+1Az|¢o>H

0<lj<k<m, (262)

and

HHthAh"'AijZjWo)H HHthAh"'AH-lg”wO)H

7 _ =1 _ ,  0<L,j<kh<m. (263)
[T A A Ayl [T AL - Ay Aifoo)

Proof. By exchanging the two sides of both equations and taking reciprocal of the second one, we
may assumeNWithout loss of generality that 0 < [ < ~j <k<h< m.. Recall that the defining
property of A; can be succinctly represented as I1;1I;A;|¢g) oc 1111, A;A;_1|¢g). We then have

II;TT, A ho) o TIT, A A; 1 [vho) = TIT, - T 1T, A A |wb) = T, AT 111, A; 1 [v)
o T, AT 1Ty Aj 1 Aj_a|tho) o< - - -
o TTT, A - - Ty Ty Ap T, Ay gho) = TTT, - - T T, Ay - - Ay Ayfebo)
=LA, - - A i),

(264)

which proves the first claim through

T, Ay - - Ajy1 Ajlao) = Tl Ay - - - Ay T[T, A [4ho)

XX HkHbAk e Aj+1HijAj cee Al+1Avl|77Z)0> = HkHbAk cee Al+1zz{l|’¢0>.
(265)
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As for the second claim, we use the first one to rewrite

AT, Ay, - - Aj 14 ]o)
‘ I Ay, - - - Aj+1gjw0>H

T, 1T, Ay, - - - Aj 1A o)

Unlly A =TI An - Aps
HHkHbAk e Aj+1Aj|¢0>H

TIT, Ay, - - - Ay 1 Aglo)

= HpllpAp - Ap = (266)
HHkHbAk w1 Ailo) H
_ IpIp Ay - - Ar1 A |o)
HHkHbAk o A1 Aglvo) H
The claim is then justified by taking the norm on both sides of the equation. O

B Tight bounds on the Dirichlet kernel

In this appendix, we prove the following bounds useful for analyzing the loss factor of amplitude
amplification in Section 3.1. Up to a change of variables, they are essentially bounds on the Dirichlet
kernel that arises in the Fourier analysis.

Proposition 16 (Tight bounds on the Dirichlet kernel). For any integer p > 3 and real number

0 > 0 such that 0 < pf < 5, we have

15 ., sin(pf) Adr —8 45 . 4
N < <1- .
1 5P sin (9) < Ssin(d) = 1 —3 P sin (9) (267)

The constant factors are tight in the sense that

1 in(pf
—=infde>0 | 1—cp?sin®(f) < sm‘(p ), 0§p9§§ ,
6 psin(0) 2 (268)
4 — 8 sin(pf) 9 . o T
= <1-— < < —>.
3 sup{c>()‘ psin(@)*l cp”sin(0), 07/)972
In particular, when p = 3,
sin(30) 4 .
Zem(d) -3 sin?(0). (269)
B.1 Proof of lower bound
Let us consider the lower bound first. We start by reorganizing it as
1,5 . ? sin(pf) psin(f) —sin(pd) ? 1
1— —p*sin?(9) | < & <. 270
< " > ( )> ~ psin(0) p3sin®(6) ~6 (270)
Note that 5
psin(0) —sin(pf) _ . —2ilgd L 23 1 . 1 (271)
= lim =——— /=
60  p3sin’(6) 9—0 0363 6 6p2~ 6

which shows that the lower bound is tight. So it remains to prove that the function on the left
hand side is monotonically decreasing over 0 < 6 < ;—p.
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To this end, we differentiate it with respect to 6

psin(0) — sin(ph)\" ?
( L <0, (272)
p3sin®(6)
which simplifies to
?
3sin(pd) cos(f) < 2psin(f) cos(6) + psin() cos(ph). (273)
Using the trigonometric inequalities
CANE 07 6> o
—— 4+ ————<sin(@) <H— —+ —
6 120 5040 6 120’ (274)
62 o 6% 6> 64
1- 2 47 7 cos() <1— — 4+ —
TR R R B 7

justified via Taylor’s theorem with Lagrange’s remainder, we want
393 595 62 o4 ? 93 9o 97 62 g4 96
0——+—— | [1-—— <20(0——+— l——4+——-—
( 6 120) < * 24) p( 6 120 5040) ( LY 720)
93 05 97 292 494 696
+p<0—+—><1—p + 27 )

6 120 5040 2 24 720
(275)

or equivalently
292 494 62 g4 ? 62 o4 96 62 o4 96
1= P74 P (1o <2(1-=4-—-— 1l — 4 — — —
3( 6 +120>< 2+24>— ( 6 120 5040>< SR 720>

92 94 66 202 4(94 696
+(1—+—>(1—p + 222 )

6 120 5040 2 24 720
(276)
The left hand side of the above equation expands to
2 4 2 209 .2 4
—p* =3,  p +10p°+5 ,  —p°(3p°+5) 5 P s
0 0 0° + —0 2
3 2 + 40 + 240 + 960 (277)
whereas the right hand side expands to
2 4 2
—p° =3 o 5p*+10p*+33 4
0 0
3t 2 + 120
76 _ar 4 91,2 6 4 2
Tp° — 35p™ — 21p 129‘96 L 14p° + 21p* 4 6p~ + 8298 (278)
5040 60480
. —7p% = 5p* — 2410 p°+2 o2
604800 3628800
It thus suffices to show that
p4+10p2+50 08?5p +10p2 +33 4
40 96() 120
6 4 2 6 4 (279)
5040 604800 ’
Note that 62 < ”2 <3 525, This upper bounds the left hand side of Eq. (279) by
4 2
p- ., p7 101N 4
— 4+ —+— 0" 280
<40 + 4 * 768) (280)
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Meanwhile, using 02 < % < 3% for p > 4, we lower bound the right hand side of Eq. (279) by

5p% 4+ 10p? 4 33

TP = 33pt — 21 129 )5 T T =5 =2 55

94
120 + 5040 604800
4 2 _Q6 _ 36,4 _ 99,2 _
> 5p% 4+ 10p” + 3304 4 8p° — 36p* — 22p 130‘96
120 5040 (281)
5p4+10p2+3394+—s-gp4—36-gp —22-3-130- 3294
- 120 5040
- 190p* + 330p% + 1331 — 130 - 32 o> 190p* + 3300% + 131004
- 5040 - 5040 '
We thus want to prove that
4 2 ? 4 2
I p 101 : 19p* + 33p* 4 131 (282)
40 768 504
which can be directly verified to hold for p > 4.
B.2 Proof of upper bound
Recall that in the proof of lower bound, we have actually shown that when p > 4, %ﬂ;zggpm
monotonically decreases as a function of  over 0 < 0 < I 2% Hence,
in(0) — sin(pd psin < ) -1
p? sin”(0) p3 sin (27))
Denoting « = %, our goal is to lower bound
sin(52) _ 1 2%sin (ﬂx) — 3
:63 ™ = : 32 s (284)
sin x(gz) sin (Ex)
for0 <z < %
Note that ) 5
in (Tr) — T A —
lim — Slng2“fr) G Sk ) (285)
z—0 sin (530) 72% 7

which shows that the claimed constant factor is tight. It remains to prove that the function on the
left hand side is monotonically increasing over 0 < z < %
To this end, we differentiate it with respect to x:

(Z0) - v (§2) ) () (5) ) o0

Then, it suffices to show that

P ? P ?
X cot (§:U) —-2<0, 3z csc (§x> —-2<0. (287)
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?
The first inequality is equivalent to §z < tan (ga:) and becomes trivial. The second inequality is
?
equivalent to %x < sin (gx) which also holds trivially when z < %

Altogether, we have shown that

psin(f) —sin(ph) _ 47w —8
> .
p3sin®(6) -

(288)

This is equivalent to the claimed bound.

C Hermitian qubitization

In this appendix, we review results on Hermitian qubitization [38] useful for constructing the branch
marking and gapped phase estimation algorithms in Section 4.1. We use G and H to represent
finite-dimensional Hilbert spaces, on which all operators act.

C.1 U-cyclic subspaces

Lemma 17 (U-cyclic subspaces). Let U : H — H be a unitary operator and G : G — H be an
isometry, such that GtUG is Hermitian. Let |pu) be eigenvectors of G'UG with corresponding
etgenvalues A, and define the cyclic subspaces

, = Span { L UT2G)60), UTGldw), Glow), UG|be), UG bw), .. } . (289)

Then:
1. The following conditions are equivalent:

(a) UG = G;
(b) GTU?G =1I.

When any of the conditions is satisfied, all H, = Span{G|¢y),UG|p,)} have dimensions
dim(#H.,) = 1,2 and are invariant under U, UT and GGT.

2. The following conditions are equivalent for 1D subspaces:

(a) dim(H,) = 1;
(b) {G|pu)} is a basis for H;
(¢c) Ay = £1;

in which case we have the matrixz representation
U=[\], GG =]1]. (290)

3. The following conditions are equivalent for 2D subspaces:

(a) dim(H,,) = 2;
(b) {G|ow), UG|py)} is a basis for H;
(c) =1 <A <1;
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in which case we have the matrix representation

U= [(1) (1)} , GG' = [(1) AO”] . (291)

Proof. Applying Lemma 13 to unitary U? and orthogonal projection GG, we have
UG=G & UGG =GG" & GGUGGT=G6G"T = GU’G=1. (292)

One concludes from HGTUGH < HGTH IU|| |G| = 1 that the real eigenvalues of GTUG must satisfy
—1 < X\, < 1. As a cyclic subspace, H, is clearly invariant under U and UT. Furthermore, due to
the equivalence GTU?G = I & UG = G < UG = G, all U'G|p,) can be reduced to either G|¢,)
or UG|¢y), implying H,, = Span{G|¢,), UG|d,)} and dim(H,) =1, 2.

Note that G|¢,) is a vector of unit length, so it must be a basis of H, if dim(H,) = 1.
When this happens, UG|¢y) = uuG|py) for some complex number p,,. But this means A\, G|¢,) =
GGIUGI$) = GG Gldu) = G} and hence M| = [INGI6u) | = l1Gloul = [UGIo.)] =
1, giving A, = £1. Now assuming A\, = +1, we consider the orthogonal decomposition UG|¢p,) =
(GG UG|pu)+ (I — GGT) UG|¢u) = MGldu)+ (I — GGT) UG|y). By the Pythagorean theorem,
| (I = GGT) UG|¢u)|| = 0, which implies that (I — GGT) UG|¢,) and UG|¢y) = \uG|ou), estab-
lishing the equivalence of three conditions. The matrix representation of U and GGT then follows
from a direct calculation.

When dim(H,,) = 2, the span set {G|¢y), UG|¢y)} is naturally a basis for H,. In this case,
we know that —1 < A\, < 1 and A\, # £1 simultaneously hold, so it must be that —1 < A, < 1.
Similarly, assuming —1 < A, < 1, then it simultaneously holds that dim(#,,) = 1,2 and dim(H,,) #
1, implying dim(#H,) = 2. The matrix representation of U and GGT follows again from a direct
calculation. O

C.2 Qubitization and quantum walk operator

Now, we perform the orthogonal decompositions

H = Im (GGT + UGGTUT) o Ker (GGT n UGGTUT)
_ (Im (GGT ) +Im (UGGTUT)) o (Ker (GGT) N Ker (UGGTUT)) : 299

which are equivalent since for any two positive semidefinite operators P, ) and state |¢),

(P+Q)¢) =0 < @P+Q)¢)=0 <« (¢[Plp)={(¢|Ql¢) =0 <« Plp)=0Q|p)=0.

(294)
For the purpose of qubitization, we further decompose the first term into 1D and 2D subspaces
introduced in the previous subsection

Im (GGT ) +Im (UGGTUT ) = DH, (295)

This gives:

Proposition 18 (Hermitian qubitization). Let U : H — H be a unitary operator and G : G — H
be an isometry, such that GTUG is Hermitian and GTU?G = I. Let |¢,) be eigenvectors of GITUG
with corresponding eigenvalues \y, and define the cyclic subspaces

Ha = Span {..., UPGI9,), UTGl6.), Glou), UGI6.), U*Glou), ..} (296)
Then:
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1. H admits the orthogonal decomposition

where H, = Span{G|¢.),UG|¢u)}, such that O, H, = Im (GG") + Im (UGGUT) and
H, = ker (GGT) N ker (UGGTUT). All subspaces are invariant under U, Ut and GG1.

2. When Ay, = £1, {G|¢u)} is an orthonormal basis for H,, under which

U=[\], GG =]1]. (298)
3. When —1 < A\, < 1, {G|¢u>, W} is an orthonormal basis for H,, under which
A 1— )2 10
= u u T g
P T -

4. Restricted to H,, U is still a unitary and GGT = 0.

Proof. We start by checking the pairwise orthogonality of H, and H, for u # v:

(00|GTGlpu) =0, ($u|GTUG|bu) = Auldo|du) =0,
<¢’U‘GTUTG|¢U> = /\v<¢v’¢u> =0, <¢U‘GTUTUG|¢U> = <¢v’¢u> =0.

Moreover, we have O, Span {G|¢,)} = Im(G) = Im(GG') and @, Span {UG|¢,)} = Im(UG) =
Im(UGGTUT). Combining with the analysis proceeding this theorem, we have established the
claimed orthogonal decomposition. Since &, #H,, is invariant under the normal operators U and
GG1, its orthogonal complement 7| is also invariant under U and GG'.

The statement about 1D subspaces is already proved in Lemma 17. When dim(H,) = 2, we
can construct an orthonormal basis by applying the Gram-Schmidt process to {G|¢y), UG|py) }.
This produces the unit basis vector

IUG|du) — Glou)du|lGIUG|bu)||  [UG|du) — MuGdu)]]

(300)

= 301
VIT R A laCUCT) —MalCUTCT) )
VI
orthogonal to G|¢,). The matrix representation then follows from a direct calculation. O

For a 2D subspace H,,, we see that {|¢u,0> = G|ou), |Pu1) = W} is an orthonormal

basis, under which
B Au V1-=X2 + |10
V= [\/1 S VY ] GO [O 0] | (302

This means that the quantum walk operator defined by W = (2GGT -1 ) U has the matrix repre-
sentation

_ )2
W= (2GGT - I> U= [_\/i“_ﬁ v 1A AU} = Aol +iv/1— 22Y. (303)
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expressed as a linear combination of Pauli operators. Therefore, for each u, W has two eigenvalues

Aut = Ay £iy/1 — A2 = eFrarccos() (304)

with the associated eigenvectors

_ |9uo) £ildu1)
T

We thus obtain the following spectral decomposition of the walk operator.

|Pu,x) (305)

Corollary 19 (Quantum walk). Let U : H — H be a unitary operator and G : G — H be an
isometry, such that GTUG is Hermitian and GTU?G = 1. If GTUG has the spectral decomposition

GTUG = Xulpu)ul, (306)

then the quantum walk operator W = (2GGT — I) U has the spectral decomposition

W= (2GGT—I> U

1 arccos —14 arccos 307
= 3 Albugouol+ X0 (D6, Yol + e, g, ) )
|>\u|:1 |/\u|<1
within the space Im (GGT) + Im (UGGTUT), where
UG w/ >\’U,G u u, j:Z u,
bug) = Glow),  |guy) = LA Z MGG Ly P EiGw) g0

V1- A2 V2 '

D Gapped phase estimation with branch marking

In this appendix, we provide details on the construction of the gapped phase estimation algorithm
with branch marking, which are used in Section 4.1 for preparing the discretized inverse state.

D.1 Simultaneous Fourier approximation of even and odd functions

We begin by considering the general problem of applying functions to the eigenphases of an in-
put unitary. Specifically, suppose that the given unitary has the spectral decomposition U =
>, €0 py)y|. Our goal is to obtain an operator V close to > (fa(0u)I +ifo(0,)X) @ |du)Xo0]
acting jointly on the input register and an ancilla, for some desired even/odd periodic functions f,
and f., using oracular queries to the unitary operator U and its inverse. This problem is solved by
the quantum signal processing technique [37, 40|, which we review below.

Lemma 20 (Quantum signal processing). Let n > 0 be an integer, fo(0) = > }_ a; cos(kf) and
fo(0) = >"1_, ajsin(kf) be real Fourier series, such that f2(0) + f2(0) < 1 for all 0 € [—m, 7] and
fa(0) = 1. Given oracular access to U = 3" €% |¢,)by|, there exists a quantum circuit V acting
on the system register and a single-qubit ancilla as

V= Z (fa(av)l + Z.fb(ev)Z + ifc(ev)X + Z‘fd(ev)y) ® ’¢v><¢v‘7 (309)

with some even/odd real 2m-periodic functions f,/fq satisfying f2(0) + f2(0) + f2(0) + f3(0) = 1
for all € [—m, 7], using at most 2n queries to U and U,
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Note that this is slightly different from the setting of QSVT where we are often interested in
a single function with a fixed parity—here we want to construct a unitary V that simultaneously
implements both even and odd functions. In practice, the desired f, and f. can be obtained
by truncating an infinite Fourier series. We then slightly modify the functions to satisfy the
prerequisites f2(6) + f2(0) <1 and f,(0) = 1. We will come back to this point momentarily.

Now we describe how to construct the Fourier approximation. Our starting point is the following
Chebyshev approximation of the sign function [36, 58]

n [-1,—-1+4¢€], =€ (—o0,—V],
> BT (x) € S [-1,1], x € [~v, ], (310)
j';dd 1—e1], x € [y, +00),

for arbitrary margin v > 0, accuracy € > 0 and some coefficients 3;. Here, one can choose the

polynomial degree to scale like
1 1
n=0 < log ()) . (311)
v €

From this, we then construct a Fourier approximation of the periodic sign function by substituting
r = sin(f) and v = sin(yp), assuming 0 < ¢ < 5. Within the period of [—m, ], it has the following
behavior

[~1,1], € [-m,—m+ ¢,

[~1,=1+¢€, z€[-7+p,—y],
Zﬂg (sin(6 [~1,1], € [—¢. ¢, (312)
godd [1_6 1] [907 90]

[-1,1], € [r— ¢,

Now assuming 0 < ¢ < 6y < 7, we reflect and shift the periodic sign function to construct the
threshold functions for GPE. Specifically, we define

n

Z BiTj(sin(0 = 0o)) — > B Tj(sin(=0 — bo))

=0
fo(0) = 9(0 —6o) —g(=0—00) Joaa  oda
C 2 2

> Bysin(0 — j6o)(—1)'F — Y Bysin(—j6 — jho)(~1)'T

J=0 Jj=0 (313)
_ jodd Jj odd
B 2
= Z Bjsin(j6) cos(j@o)(—l)%,

§=0

j odd

69



4 9(0 —60)  g(=0—0o) fe(0) Jfa(0)
[—7, =7+ 6y — ¢] [1—¢1] 1—¢,1] -5, 5] [—1,—1+ ¢
[~ +0—p,—m+b+¢] | [-11] [l =1 -1, 5] [-1. 5]
[_W+90+¢7 _00_()0] [_17_1+€] [1_67 1] [_17_1+6] [_57%]
[_90_‘;07_90"1'90] [_1a_1+€] [_171] [_175] [_571}
(=00 + ¢, 00 — ¢] [FL—l+e [=L-1+d | [-5 5] [1—e1]
[90_90790“‘90] [_131] [_17_1+6] [_531] [_571}
[0 + ¢, 7 — 00 — ¢ 1—el] [-L-1+¢ | [1-¢l] (=53]
[W_90_9077r_90+@] [1_6a 1] [_171] [_%vl] [_175}
[m— 00 + ¢, 7] [1—¢1] [1—€1] -5, 5] [—1,—1+ ¢

Table 4: Qualitative behavior of the Fourier approximation of threshold functions used in branch marking
and GPE.

and
- 3 B0 00) — 35 AT(sin(=0 o)
fa(0) = —90 = %) . 9(=0 —b) _ _jodd ; i odd
) —j]%)d B, sin(j0 — j6o) (—1)%" — f%’d 8 sin(—j0 — j00)(—1) T )
N 2

n
= >~ B cos(j6) sin(j6o)(~1)7 .
j=0
j odd
The above functions actually depend on various parameters such as 6y, ¢ and €, but when their
values are clear from the context, we will suppress these dependences for presentational purposes.
The qualitative behaviors of these functions are shown in Table 4 and Figure 3.

D.2 Branch marking

Recall from Section 4.1 that our preparation of the discretized inverse state uses the quantum walk
operator. When the input matrix has the spectral decomposition

A= Z Au‘¢u><¢u|7 (315)
the walk operator has the corresponding spectral decomposition
, , Ay
W = Z (ew“v+|¢u,+)<¢u7+| + eu- ]¢u,,><¢u7,|> , 0,,+ = £ arccos <> . (316)
u A

Here, each eigenvector |¢,,) of the coefficient matrix splits into 2 eigenvectors |¢, +) of the quantum
walk opearator, and our primary goal is to ensure that these two branches undergo the exact same
computation in GPE. This way, they can be merged back to recover |¢, ), on which we perform

the eigenvalue inversion )\i
u

70



15 FAT A VAR N NP A S AWt !,
—m]
— fa(9) — fa(8) vl

:

e

— Ymoo
b

L

O+

R
6o

—r 10 TP
—6,

—r 6o

(a) (b)

Figure 3: Tlustration of the qualitative behavior of functions used in branch marking (left panel) and GPE
(right panel).

To this end, we choose the block encoding normalization factor acy > 2| A||, so that
Au 11
— ——, = 317
A < |: 2’ 2:| (317)

Then in the quantum walk operator, this eigenvalue corresponds to two eigenphases

Ay 2 Ay 2
arccos (04A> € [g,;} , — arccos <aA> € [—;,—g] . (318)

To distinguish between these cases, we can implement the periodic threshold functions with 6y =

¢ = 5. This gives
A Ay
fe | £arccos | — | | ~ +1, fa | £arccos| — ) | = 0. (319)
oA aA

We now carefully analyze the error. Specifically, we consider the two periodic threshold functions
fe(0) and fq(0) with 6y = ¢ = § whose actions are given by Table 4 and Figure 3. By symmetry,

it suffices to focus on the interval [Z,2F]. Recall that f.(0) = 9(9_90)_29(_9_90) and fo(0) =
—9(60—00)—g(=6—0o)
2

, which implies

1200 + f2(0) = LU= O 00), (320)

For all —7 < 6 < 7, we have from Table 4 that |g(6 — 00)|,]|g(—0 — 00)| < 1, so f2(0) + f2(9) < 1
always holds. Also we know from Table 4 that 1 — e < f,(0) < 1. Furthermore, for the target
interval where § < 6 < %“, we have 1 —e < g(0 — 6p) <1 and —1 < g(—0 — y) < —1 + ¢, which
implies 1 — € < f.(0) < 1. To summarize,

fg(e) + ch(a) < 17 Vo € [_77777]7
1—e< fu(0) <1,
l-e<f0)<1,  Voe[5,%], 20
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We now explain how to satisfy the requirements of Lemma 20. We first run the sum-of-squares
method [40] to obtain functions f;1(#), and fg1(6) from

fa,l(g) = fa(e)v fc,l(e) = fc(e)a (322)
where
{ ‘2’1(9) + fél(e) +200)+ £3,(0) =1, WO € [-m,7, (323)
w1(0) + f71(0) = 1.
Then, we let
fa,Z(e) = fa,l(e)fa,l(o) + fb,l(e)fb,1(0)7 fc,Q(e) = fc,l(e)- (324)

Note that by the Cauchy-Schwarz inequality,

2000) + £25(0) = (fa,1(0) fa,1(0) + f5,1(0) f5,1(0)) + f2,(6)
< (f2000) + £21(0)) (F210) + f21(0)) + £2,(6) (325)
= fil(e) + fb2,1(9) + fc2,1(9) <L

Thus, we can rerun the sum-of-squares method to get functions f; 2(6), and fq2(6). These functions
now satisfy

3,2(9) + fb2,2(9) + fc2,2<9) + fd2,2(0) =1, Vo€ [-m,mn], (326)
fa,2(0) = 17
as desired, resulting in the QSP operator
Z (fa,2(9v)l + ifb,Q(av)Z + ifc,Q(Qv)X + ifd,Q(ev)Y) ® |¢v><¢v’v (327)
where v goes through all 2-tuple (u, £).
It is clear that f.o = f.1 = f¢, so we introduce no additional error to the function f.:
1—€e< f.0(0) <1, Vo e [T, 2x]
6—f72()— [323] (328)
-1 < fC,2(9> < -1+ €, Vo € [_%7 _%] .

As for the remaining components,

2 2
P2a(0) 4 a0+ F3a(0) =1 fa0) < 1- (1= P =2 -2, we |2 -Flu[7.2].
(329)

To proceed, we need the following distance formula for matrices expanded in the Pauli basis.

Lemma 21 (Matrix distance in the Pauli basis). For real vectors 5 = [Ba By Be Ba] and v =
[Ya ¥ Ve 7al;

|(Bal +iBpZ + 1B X +iBaY) — (Yol +imZ + i X +ivaY)| = |18 — 7 - (330)

Proof. We know that the Hermitian matrix

(Bo =) Z + (Be = ¥e) X + (Ba —72)Y (331)

has eigenvalues
£/ (By — )% + (B — 1) + (Ba — 7a)*- (332)
The claim then follows by rescaling by ¢ and shifting by 8, — 74- O
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When 6 € [%, %’r}, our ideal operator is 7.X, so the error is bounded by
[iX = ((fa,2(0)] +ifp2(0)Z + ife2(0) X +ifa2(6)Y))]
< SO Fea(0)) + F250) + f2,(0) + f3,(0) (333)
< Ve 42 — €2 =2

Similarly, when 0 € [—%”, —%], our ideal operator is —iX, so the error is again bounded by

=X = ((fa2(0)] +ifp2(0)Z +ifc2(0)X +ifa2(0)Y))]l
< (1= foa(0)) + £25(0) + F2,(0) + £2,(0) (334)
< Ve 42 — €2 =2

This establishes the following;:

A

Proposition 22 (Branch marking). Let A/ay be block encoded by O with normalization fac-

. A
tor ag > 2||A|l. Let Alpy) = Au|du) and Wipy +) = eizarccos<a)|¢u,i> be the corresponding

etgenpairs of A and the quantum walk operator W. For any ¢ > 0, the isometry

[ HNPuz) = Eut)dus),  leuz) — [ <€ (335)

can be implemented using
1
o <log <>> (336)
€

Proof. By Lemma 20 and the proceeding analysis, we can implement the operator

V=) (F(bus)® |busXbur

queries to O4.

+ F(0u,-) @ [u,-NPu,-]) (337)

such that ||F(0,4) — (£iX)|| < v/2¢ for all u. Then, the controlled unitary
|OX0] ® I + |1)}1]| @ (—iV) (338)

implements the mapping
)N Dut) = ) +) [ Du,x) (339)

to accuracy v/2e. The query complexity follows now from Eq. (311) and the rescaling v/2¢ ~ e. [

D.3 Branch marked gapped phase estimation

In GPE, our goal is to distinguish between eigenvalues of the input matrix within intervals

A M
Au ¢ {—7,7] and 2% € (=1, —4] Uy, 1). (340)
A aa

When we construct the quantum walk operator, each eigenvalue is split into two eigenphases. For
the positive branch, our goal is to distinguish between

arccos <>\"> € [arccos (7) , T — arccos (7)] (341)
o p p
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and
arccos <)\u> € (0,arccos(y)] U [r — arccos(y), ), (342)
oy

whereas for the negative branch, we need to differentiate

Ay
— arccos <> € |:—7T + arccos <7> , — arccos (7>} (343)
aa p p

— arccos ()\u> € (—m, —m + arccos(vy)] U [— arccos(),0) . (344)
aa

and

Additionally, we need to ensure that GPE has exactly the same behavior on eigenphases with
opposite signs.
Let us consider the positive branch first (corresponding to arccos (’\Z ) ). To this end, we choose

arccos () + arccos (%) arccos (%) — arccos (7)
0o = , = (345)
2 2
Then, we implement
D alOu) +ifo(0us)Z +ife(Ou)X +ifa(0us)Y) © [du s Ndul, (346)
where
0, 6 € (0,arccos(7)]
fe(0) =< 1, [arccos ( — arccos (%)} , (347)
0, 6 € [r— arccos(7) 7r) ,
and
1, 6 e (0,arccos(v)],
fa(0) =<0, 6Oe [arccos (%) , T — arccos <%>] - (348)
-1, 0 € [r —arccos(y),n).

Note that f,(0, +) ~ £1 has different signs for eigenvalue of the input matrix A\, 2 0 with opposite
signs, and the function values are also quite different in the transition band. But this is acceptable
since this auxiliary information will be uncomputed in the end.

However, this choice of functions will have a different behavior on the negative branch. To
address this issue, we instead aim to perform

Z (fa(_eu,f)l + ifb(—Hu,,)Z + ifc(—Gu,,)X + ifd(_‘gu,f)y) ® |¢u,f><¢u,f|' (349)
v
That is, the action of this new operator on negative eigenphases is exactly the same as that of the
above operator on positive eigenphases. Moreover, the new polynomials automatically satisfy the
requirements. In particular, it holds that f.(—0) = —f.(0), fo(—0) = fu(0).
Now we discuss error analysis. Without loss of generality, we focus on the distinguishment of

[0, arccos ()] and [arccos (%) ,%}, since the other cases have exactly the same error by symme-

try. Proceeding as in the previous subsection, we consider f.(f) = 9(9790)729 (=0=60) and fa(0) =
—9(0—00)—g(—=0—b0)
2

where

(0~ 00) + (=0 — 00)

720+ f2(60) = . (350)
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We also know from Table 4 that f2(0) + f2() < 1 and 1 — e < £,(0) < 1. Furthermore, we
have —5 < f.(0) < § and 1 — € < f,(0) < 1 for the target interval 0 < 6 < arccos(v), and
<40

1—c¢ §2fc(9) <1 and 2_§ < fa(0) < § for the target interval arccos (%) < 5. To summarize,
F200) + f2(0) <1, Vo € [—m, 7],
1—e< f,(0)<1,
\fc(9)_§f§(, [ Jal8) < 1. 90 € [0,arccos (7). 1)
L—e< fo(0) <1, |fa(0) <5, VOe [arccos (%) ,g} :

When 0 € [arccos (%) , g}, our ideal operator is i X, so the error can be bounded in a similar way

as in the previous subsection
[iX = ((fa,2(0)] +ifo2(0)Z + ife2(0)X +ifa2(0)Y))]
< (1= £e2(0)) + 25(6) + F25(0) + f2,(0) (352)
< Ve + 2 — €2 =2

Let us now consider 6 € [0, arccos ()]. We let

fa,l(e) = fa(0)> fc,l(e) = fc(‘g)v (353)

and run the sum-of-squares method [40] to obtain

fg,l(e) + fb2,1(9) + fc2,1<9) + fd2,1(9) =1, V0¢€[-m,7
2 2 (354)
«1(0) + f71(0) = 1.
Continuing, we define
fa2(0) = fa,1(0) fa,1(0) + fo,1(0) f5,1(0), fe2(0) = fea(6). (355)
and rerun the sum-of-squares method to get
fiQ(e) + szg(e) + ff,z(g) + fdQ,Q(G) =1, V0¢€[-m,m] (356)
fa2(0) = 1.
This results in
> (fa2(Ou) I +ify2(0u)Z +ifen(Ou )X +if12(0u+)Y) @ |bus Nbus]- (357)

u

Now we have
| fa,2(0) = fa,1(0)] = | fa,1(0) (fa,1(0) = 1) + fo,1(6) fb,1(0)]
< o (O 1fa1(0) = 11+ /1 = £2,(6)/1 = £2,(0) (358)
§1-e+\/1—(1—6)2\/1—(1—6)2:36—62,

which implies
|fa2(0) — 1] < de— €. (359)
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Combining with the obvious requirement that |f, 2| < 1, we arrive at
1—4e<1—4de+é < fua(0) <1 (360)
When 6 € [0, arccos ()], our ideal operator is I, so the error can be bounded as
1T = ((fa2(0) +ifo2(0)Z + ife2(0) X +ifa2(0)Y))]l
VU= fa2(0))2 + [25(0) + [25(0) + £3,(0) (361)
V(462 +1— (1 —4e)2 = 2v/2e.

Altogether, we have established the following proposition. Note it is important that the output
state |&,) of gapped phase estimation has no dependence on the + branches of eigenphases. This
is the primary goal of branch marking.

<
<

Proposition 23 (Branch marked gapped phase estimation). Let A/a4 be block encoded by O 4

. oW
with normalization factor ay > 2||A||. Let A|py) = Ay|odu) and Wy +) = eilarCCOb(aA) |pu,+) be
the corresponding eigenpairs of A and the quantum walk operator W. For any e >0, 0 <y < St

and constant p > 0, the isometry

lle) =0l <e, 2% e1),
E)06us)  [BEMSus), Il —ibI<e e -2, (362)
&) = (=l <& 2% € (-1, -],

can be implemented using
1 1
(0] ( log <)> (363)
y €

Proof. By Lemma 20 and the proceeding analysis, we can implement the operators

queries to O 4.

Vi= ZF(Qu,Jr) ® |Pu,+ X Pu,+ Vo= ZF(_euﬁ) ® |Pu,— X Pu, (364)
respectively, such that
IF(O) — I <23, € (0,arccos (+)],
|F(0) —iX| < V2 6 € [arccos (%) , T — arccos <%>} , (365)
|F(0) — (—=I)| <2v2¢, 6 ¢ [x—arccos(y), ).
Then, the controlled unitary
X @V + =X ® V- (366)
implements the mapping
E)0)but)s 2% €[y 1),
)10} gus) > il DIGus)s 2 € |-, (367)
_H:>|O>|¢u,:|:>7 2u ¢ (_17 _7] )

A

to accuracy 2v/2e. The query complexity follows now from Eq. (311) and the rescaling 2v/2¢
€. O
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E Multiplicative approximation of success probabilities

In this appendix, we will consider a number of success probabilities involved in the analysis of
our quantum linear system algorithm in Section 4. Specifically, we will analyze five different
probabilities and show that they are in fact all constant multiplicative approximations of one
another.

E.1 Definition of success probabilities

The first probability corresponds to the success probability of applying a block-encoded inverse of
the input matrix to the initial state. Suppose that our input matrix is block encoded as A/a 4 with
normalization factor aq > ||A]| and upper bound ay-1 > HA_1H on norm of the inverse matrix.
Without loss of generality, we assume that both a4 and a4-1 are powers of 3, so that agay-1 = 3™
for some positive integer m. By switching to the Hermitian dilation [0)X1| ® A + [1}0] ® AT, we
further assume that A is Hermitian with the spectral decomposition A = ) Ay|du)pu| Where
u| < a4, while the initial state can be expanded in the eigenbasis of A as [b) = >, Yu|ou)-

2
) . (368)

The second probability is an auxiliary probability for a version of discretized inverse state
supported only on one basis state of the time register. We let

Then, we define

Yu
Au

lam)* 1

A1 1
Viny = o |b> ; OéA—l)\u 7u|¢u>a Psuce = 2 0412471 (Z

O(A,1 w

ml gk+1 m—1 , 9kl
¢d—inv,1 Z T‘k> Z ’7u|¢u>7 Psuce,d-inv,1 = Z Z |’Yu 97
= ) = |axlelsr )
(369)

The third probability corresponds to the probability of the discretized inverse state supported
on two basis states of the time register. Concretely,

m—1 3k+1 3k
zﬂd-inv = Z Z <Ck+1,u‘k> + Ck,ugim“f - 1>> 7u’¢u>a

3m
0 |l e [ oak)
(370)
m—1 9
DPsucc,d-inv = Z Z |’7u|2 Z Kj,u’2 gim
k=0 )Aﬁu %ﬂ ik) 7j=k,k+1
3 ’3

The fourth probability is also an auxiliary probability for a version of discretized inverse state
with full support on all basis states of the time register, assuming branch marking is performed

perfectly:
wd inv,m — Z Z ZCju 7u|¢u>

k=0 1
‘ ‘G +1° 3k) . (371)
=Y G
k=0 | My 7=1

€ [3k1+1 ’3%)
Finally, the fifth probability is for the actual state 9g.iny,bm prepared by the erronecous GPE
and branch marking. We denote this probability by psuce,d-inv,bm-

@
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E.2 Multiplicative bounds on success probabilities

We now give multiplicative bounds on the success probabilities introduced in the previous subsec-
tion. Our analysis uses the following lemma.

Lemma 24. The following estimates hold:

—

sy 2 5 9 - 2 952,
Z Z ’7u| Z |Cj,u| 97777, S Z |’Y’u gm 6gpe7
k=0 ‘%’6[3&173%) J#kk+1 k=0 )%‘6[3]#1,3%)
(372)
m—1 9k m—1 gk
2 2 2
Z h/u‘ . Z ’Cj,u’ gim < Z h/u| gim 63;0@'
) A 0 2 el )
Proof. Recall that the cumulative coefficients (;, have the following bound
€gpe,js J<k-1,
Gl < I . (373)
J,U H 6gpe,l7 ] 2 k+2
I=k+1
Therefore, we can prove the first claim as
m—1 k—1 m
2
Z 7l gpe,] gm + Z H pelgm
k:(]‘)\iu‘e[#i) j=1 j=k+21=k+1
ap 3k+173k
m—1 k—1
9k+2
2
< Z 7l €ape, + Z €gpe.j—1"gm
B=0 |2 [ 2 1) =1 k2 (374)
ap 3k+173k
m—1 2 m—1 ) 9k+2 m—1 2
< >l Z €gpe,j 9 >l S | 2 v |
S el ) ) M)
Zpe
where we have assumed all g6 < % Similarly for the second claim,
m—1
>l Z i Y H gpezgm
kZO‘M‘E[ 1 L) j=k+21=k+1
ap 3k+173k
m—1 k—1 gk m ok
2 2 2
< Z 7l 6gpe,jgim + Z 6gpe,j—lng
k=0 | Ay e[ 1 i) j=1 j=k+2 (375)
ay 3k+173k
m—1 9 m—1 9k m—1 2
2
< Z yul* Z €gpe.j gm < Z 7l gm Z €epe,j
h=0 ‘%‘G[Skil’%’ﬂ) h=0 ‘%‘e[skil’sik) !
€Zpe
O
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Let us begin with the relation between pgucc and psyce,d-inv,1 Which is easy to describe. Following

m—1 Yt 2 1 m—1 ) 9k+1 m—1 ) 9k+1
Z /\7 < a2 Z |7u| 0‘?4 = Z |7u‘ gm
1 u N
AR e ) AR e[ k) =0 |2 e[ k)
m—1 2 m—1 k m—1
1 9 9
ag ) > N zas Y = > o
= 2 feftr ) 8 el ) 5 el )
(376)
we conclude that » .
ol < Psuce < Psuce,d-inv,1- (377)

9
Then, we consider psucc,d-inv,1 a0d Dsyce,d-inv- 1t is fairly straightforward to derive one side of the

bound
m—1 ) 9 m—1 ) 9k+l
DA o < Z l? g (378)
S palel) = aslelret)
Analysis of the other side however is more involved and relies on Lemma 24:
m—1 m—1
2 2
‘ ‘ L j=k,k+1 k=0 ‘Aﬁu‘e[ 1 L) j=k,k+1
k: ay 3k+1°3k
m k m—1 k
9 9 379
- DR SN SIS DI SACHD DN A
Dlakle) S Dl A
Psucc,d-inv,1 Psucc,d-inv,1 2
=T 9 T g ‘we
This gives
Psucc,d-inv,1
% (1 - 6gpe) < DPsuce,d-inv < Psucce,d-inv,1- (380)

Next, we discuss Psucc,d-inv a0d Dsuce,d-inv,m- Again, one side of the bound follows trivially from
the definition

m—1 m 9j
>l Y Gl gmsz Z ul® Y16l g (381)
) aglelwra) 7

As for the other side, we apply Lemma 24 to compute

m—1 9
Z "7u|2 ' Z |<j,u|2 gim
k=0 %’E[Sklvﬁ) j=k,k+1
B m—1 ) m 2 g - m—1 ) 9 (382)
= Yoo P lGulP = > Y \Cju\
k=0 | 2w 11 j=1 k=0 | A 11 JjF#kk+1
‘ A‘€[3k+1’3k) ‘a ‘€[3k+1’3k)

2
2 3 €gpe
> DPsucc,d-inv,m — 9 pSuCC,d—iHV,legpe = Psucc,d-inv,m -9 Psucc,d-inv <1 p > .
— tgpe
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We thus obtain

3 Cape
Psucc,d-inv < Psucc,d-inv,m < Psucc,d-inv 1+9 g7p2 . (383)
(1 — €gpe)

Finally, we examine pguce,d-inv,m and Psuce,d-inv,bm- As branch marking is invoked twice, we have
the additive approximation

|psucc,d—inv,m - psucc,d—inv,bm| < 2 ‘\/psucc,d—inv,m - \/psucc,d—inv,bm‘ < 46bm- (384)
Let us summarize these estimates as follows.

Proposition 25 (Multiplicative bounds on success probabilities). Let the five success probabilities
Psuccs Psucc,d-inv,1; Psucc,d-invs Psucc,d-inv,m and Psucce,d-inv,bm be deﬁned as in Appendix E.1. Then;

Psucce,d-inv,1
< DPsuee < Psuce,d-inv,15

9
DPsucc,d-inv,1 2
f (1 - Ggpe) < Psucc,d-inv < Psucce,d-inv,1,
9 (385)
3 Cgpe
Psucc,d-inv < Psucc,d-inv,m < Psucc,d-inv 1+9 T 2 ]>
(1 = €gpe)

|psucc,d—im}7m - psucc,d—inv,bm’ < 4Ebm-

Hence, as long as
€gpe = 0(1)7 eom = 0O (psucc) ) (386)

all success probabilities are constant multiplicative approrimations of one another
Psucc,d-inv,15 Psucc,d-invy Psucc,d-inv,m> Psucc,d-inv,bm = © (psucc) . (387)

E.3 Multiplicative bounds on sum of amplification thresholds

In Section 4.2, we have derived the following multiplicative bounds on sum of amplification thresh-
olds

m
- 2 i 5
psucc,d—invgl < Z HHijAj T A1|¢0> H 9’ et < Zpsucc,d—invgla (388)
j=m—I+1
where we assume VTAA with input algorithms Ay, ..., A, produces ¥4.iny. We now incorporate

the error of GPE and branch marking into the analysis.
When we consider erroneous GPE and perfect branch marking, VTAA with input algorithms
By, ..., By, produces ¥g.iny,m and the potentially good probabilities take the form

m—1 m
LB - Bl = > >l D 1l
Sl

(389)

J h
LD DR DI i e ara3
h=1
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Correspondingly, the sum of amplification thresholds are split into two terms:

m ) m m—1 m .
IR LR D DRD DED DR M Dl M
j=m—I+1 Jj=m—I+1 k=0 ‘,\7“’6[ 2 L) h—j+1
ap 3k+1’3k
m—1

m J 9h '
> S Y Gl S
j h=1

(390)
We exchange the summation order in the first term to get
m m m h—1 9 m
i _ i h—1
DD LD VD SIS S ) (o)
j=m—I+1 h=j+1 h=m—I14+2 j=m—I+1 h=m—I[+2
whereas for the second term
DD YRS 9 30 30 392)
j=m—Il+1h=1 h=1 j=h h=1
Altogether,
Painemd < > |[TLILB; - - Bl || 97+
j=m—I+1
5 m—1 m 5 (393)
< Z Z Z h/u|2 Z |Ch,u|2 9h—m+l < Zpd—inv,m9l~
k:O)ﬂ‘e[# g) h=1
ap 3k+1°3k

Finally, we consider the general case where both GPE and branch marking are imperfect. In this
case, VTAA with input algorithms C', ..., Cyp, produces ¥q.iny bm With H?Z)d-inv,bm\|2 = Psuce,d-inv,bm-
Then, the sum of amplification thresholds has error

m m
. ) _ . 9
S LILB; - Bio) |9 = N ILILG - Culo) || 97| < glem9'. (394)
j=m—I+1 j=m—Il+1

We thus obtain:

Proposition 26 (Multiplicative bounds on sum of amplification thresholds). Let the input algo-
rithms Ay, ..., Am, B1,..., By and Cq,...,Cy, be defined as in Appendix E.3. Then,

m
psucc,d—invgl < Z HHijAj T A1|"7Z}0> H2 9j—m+l < psucc,d—mvgla

j=m—Il+1

| Ot

l
pd—inv,mg )

| Ot

m
b € [TILB By <
j=m—I+1

m m

> [TLILB; - Bulyo)||* 9™+ — > [TIL,C; - - Cy o) || 97+ <
g=m—i+l j=m—lt1

4ebm9l.

| ©

(395)
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Hence, as long as

€gpe = 0(1)7 em =0 (psucc) s (396)
all sums of amplification thresholds have the scaling

Z ”HijAj e A1|¢0>H2 ) ( succgl> )
j=m—Il+1

Z “HijBj T Bl|¢0>H2 9j—m+l =0 ( succgl> ) (397)
j=m—I+1

> LG - Ciluo) | 99~ = © ( succ9l) .

j=m—I+1
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